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Abstract

Wave energy converters (WECs) are designed to harness the renewable power of ocean waves,

but are not yet economically viable. The cost-competitive conversion of ocean wave energy at

a commercial scale will require arrays of WECs to operate efficiently across a broad range of

frequencies and directions, consistent with the distribution of wave energy feasible for power

generation. Developing suitable array designs is an ongoing challenge, as WECs are typically

efficient over narrow frequency ranges, and arrays are sensitive to wave direction. In this

thesis, strategies for efficient, broadband absorption are developed by applying theories for

rainbow absorption to an array of heaving buoy type WECs. Each WEC is attached to a

linear spring–damper power take-off mechanism (PTO) to control the resonant properties for

broadband absorption on a target frequency interval covering wave periods of 10–20 s. Linear

potential-flow theory and semi-analytical methods are applied.

Starting with a two-dimensional (2D) domain, the WEC-resonances are graded to create an

effective bandgap, with low transmission over the target interval, using a Bloch wave analysis.

The grading generates spatially controlled energy amplifications that are captured by choosing

the PTO damping to minimise reflected wave amplitudes. The reflection and transmission

of the array are analysed in complex frequency space, where pole–zero pairs are connected

to the resonant properties governing absorption, and the influence of higher-order passbands.

An array of five WECs achieves near-perfect absorption (≥ 99%). The broadband design is

demonstrated in irregular sea states, and for incident wave packets in the time domain.

Strategies for broadband absorption are recreated in a three-dimensional (3D) domain, by

arranging theWECs into stacks (periodic row of infinitely many, identical WECs), and grading

the resonant frequencies of successive stacks via the PTOs. The array layout is chosen to

support 2D wave propagation and achieve high efficiency with minimal stacks, such that the

average absorption of six stacks exceeds 90% over a wide range of wave directions. The

efficient, broadband absorption is demonstrated by comparing a graded array of 60 WECs in

directionally spread, irregular sea states, to uniform arrays.

The broadband absorption generated by grading arrays is robust to a drag correction, which is

incorporated into the 3D model to approximate non-linear effects from large, resonant WEC

motions. Drag reduces the amplification of WEC motions as the incident wave amplitude

increases, and consequently, efficiency. Finite arrays of 30 WECs capture a high proportion

of the available incident energy relative to the array’s width, outperforming uniform arrays

over most of the target interval.

Overall, the findings motivate grading arrays to deliver efficient, broadband absorption that

is robust to the wave direction using fixed PTO parameters, and without requiring accurate,

short-term forecasts. The low transmission generated by graded arrays could have coastal

protection applications, which would enhance the economic viability of WECs.
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Chapter 1
Introduction

1.1 Background and motivation

Energy-related carbon emissions reached a historic high in 2024, as record temperatures and

extreme weather events amplified a record growth in electricity demand (IEA, 2025). Renew-

able energy technologies met 80% of the annual growth in demand, preventing an expanding

reliance on fossil fuels that would have amounted to three times the emissions (IEA, 2025), at

higher economic cost (IRENA, 2025). However, limiting global warming below 2◦C relies on

a drastic reduction in fossil fuel use in order to reach net-zero by 2050 (IPCC, 2023). Without

urgent action, we risk parts of our planet becoming uninhabitable as we push the resilience

of the ecosystems we depend on, closer, and more quickly, towards collapse (IPCC, 2023).

Wave energy converters (WECs) are devices that are designed to transform ocean wave energy

into electrical power, and are positioned to play an important role in decarbonisation, and the

diversification of renewable energy technologies (IRENA and OEE, 2023). The unmatched

consistency, density and availability of ocean wave energy compared to, for example, solar

or wind (Guo and Ringwood, 2021), could help ensure energy security, protecting against

disruptions (e.g., wind droughts (Qu et al., 2025)), and increasing the reliability and flexibility

of energy supply, while potentially reducing the growing reliance on storage technologies

(IRENA, 2025; IRENA and OEE, 2023; Li et al., 2025; Satymov et al., 2024). Further,

electricity transmission costs would benefit from proximity to demand, as around one third

of the global population lives within 50 km of a coastline (Cosby et al., 2024; Li et al., 2025;

Satymov et al., 2024). However, WECs are yet to reach economic viability, and despite a

substantial body of research, design convergence has not occurred (Golbaz et al., 2022).

To become a competitive renewable energy technology, WECs will require strategies that

enable them to operate efficiently across a broad range of ocean wave frequencies for cost-

effectiveness (Ning and Ding, 2022; Pecher and Kofoed, 2017). With strategic placement, this

transformation of destructive wave power into clean, renewable energy, could assist in the

protection of coastlines (Boodoo et al., 2025). Coastal regions are particularly vulnerable to

the impacts of climate change, which will have ecological, economic and geopolitical rami-

fications of global significance (IPCC, 2019, 2022). As some of the most densely populated

regions on the globe, current adaptations against intensified storms, flooding, and accelerated

1
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(a) (b)

(c)

Figure 1.1: Hard defences, e.g., (a) breakwaters, prevent wave energy reaching coastlines, while nature-
based solutions like (b) beach nourishment, improve coastal resilience. Damaging wave energy can

potentially be transformed into electricity by (c) WECs, to facilitate sediment accretion.

sea level rise, face physical and economic barriers (Cosby et al., 2024; IPCC, 2019, 2022).

Hard defences (e.g., breakwaters) disrupt natural processes and place pressure on already

fragile ecosystems, undermining their ability for adaptation, and further requiring modifi-

cation to remain effective as climate change progresses (Gittman et al., 2016; IPCC, 2019,

2022). Nature-based defences (e.g., beach nourishment) are less cost-intensive and improve

the resilience of coastlines, but require ongoing maintenance and are inadequate in isolation

(IPCC, 2022). Consequently, WECs could prove to be an attractive source of coastal de-

fence in addition to renewable power (illustrated in Figure 1.1) as global warming progresses

(Battisti et al., 2024), which would enhance their cost-effectiveness (Clemente et al., 2021).

1.2 Current state of wave energy

The prospect of capturing ocean wave energy at a meaningful scale has inspired over 50

years of research. However, wave energy technology is still in pre-commercial stages (Guo

and Ringwood, 2021). To prove cost-effective, WECs must demonstrate efficiency, reliability

and survivability appropriate to the nature of the resource, which is partially hindered by the

variety of WEC concepts (various classifications outlined by Ning and Ding (2022)), each with

their own challenges (Sheng, 2019), and the lack of government/policy assurances necessary to

attract sufficient investment (IRENA and OEE, 2023). In 2017, oscillating bodies comprised

an estimated 78% of developed prototypes (Ning and Ding, 2022). Of these, heaving buoy

type WECs are prolific in the literature.

Like many other WECs, heaving buoys achieve maximum efficiency at resonance, where their

natural frequency matches the ocean waves, creating amplified motions with the appropriate

phase for optimum destructive interference (Falnes, 2007). The resonance can be controlled by
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incorporating a stiffness mechanism into the power take-off system (PTO), which is responsible

for converting ocean wave energy into electrical power. Larger WECs usually have lower

natural frequencies, which are better suited to efficient capture in the powerful, low frequency

waves, suitable for power generation (Coe et al., 2017; Fusco and Ringwood, 2010). However,

CorPower Ocean (2024) have successfully demonstrated the down-tuning of their heaving

buoy via a negative stiffness mechanism, which, in combination with a pretension cylinder,

allows for a smaller, lighter WEC, decreasing costs (Coe et al., 2017; Todalshaug et al., 2016).

The frequency range over which high efficiency is sustained is termed the resonance band-

width (Falnes, 2005). Although the WEC geometry can be optimised to increase efficiency

and broaden the resonance bandwidth (e.g., Edwards et al., 2025; Edwards and Yue, 2022),

heaving buoys are typically narrow-banded due to their physical characteristics (Falnes, 2007;

Falnes and Hals, 2012). Here, a negative stiffness mechanism is again beneficial, and can

broaden the resonance bandwidth of WECs while also providing inherent phase control, lead-

ing to a threefold increase in power capture to PTO force (Todalshaug et al., 2016). Similarly,

non-linear stiffness mechanisms can broaden responses (Schubert et al., 2022), which has po-

tential benefits for coastal protection (Jin, Zhang, Zheng, Lu, Xu and Greaves, 2024).

Wave climates conducive to power generation cover a broad range of frequencies and wave

directions, with spatio-temporal variability experienced at a daily, seasonal and annual scale

(Guo and Ringwood, 2021; Pecher and Kofoed, 2017). Frequencies suitable for power capture

are generally considered to consist of wave periods lying between 5–20 s (Coe et al., 2021).

Since most WECs have relatively narrow optimal operating conditions, variations between

sea states, which may themselves be broadband and directionally spread, can significantly

decrease power capture, even when the average incident wave power remains constant (Pecher

and Kofoed, 2017). To reach the high efficiency power capture over broad frequency ranges

(broadband absorption) required for cost-effectiveness, the PTO is altered to create resonant

conditions, in a process known as control (Coe et al., 2017; Pecher and Kofoed, 2017).

Dynamic control strategies adapt the WEC properties according to the incoming wavefield,

and include latching, declutching, reactive, and model predictive control, which effectively

broaden the WEC’s bandwidth (Ning and Ding, 2022; Pecher and Kofoed, 2017). While these

advanced control methods employ different principles and types of PTO systems to enhance

power capture, they generally require accurate wave forecasts and are sensitive to modelling

errors (Pecher and Kofoed, 2017; Ringwood et al., 2023). In particular, direct-drive PTOs

are noted for their ability to generate any desired PTO control force (Ning and Ding, 2022).

However, generating very large forces can be more uneconomical than altering the physical

WEC properties (Ringwood, 2025). Physical constraints on the WEC motions and PTO

forces are needed to prevent structural fatigue, which may otherwise increase operational costs

and maintenance requirements (Hals et al., 2010; Pecher and Kofoed, 2017; Ringwood, 2025;
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Ringwood et al., 2023). Consequently, the PTO directly affects efficiency and reliability, which

has the potential to reduce the cost of power generation, despite significantly contributing to

the capital cost (Ning and Ding, 2022; Pecher and Kofoed, 2017).

The hydrodynamic and WEC–PTO interactions can exhibit complex, non-linear dynamics

when controlled for maximum power (Battisti et al., 2024; Ning and Ding, 2022). High fidelity

models accurately capture complex dynamics but are computationally demanding and can

become intractable (Ning and Ding, 2022). Hydrodynamic interactions are linearised in the

vast majority of the literature, assuming small WEC motions (relative to WEC dimensions)

in waves of low steepness, subject to potential-flow theory (incompressible, inviscid, and

irrotational) (Folley, 2016). Linear wave theory is widely considered to be acceptable in an

operational regime, where the incident wave amplitudes are sufficiently small to justify linear

wave–WEC interactions, or tolerate limited validity, due to the complexity incurred by higher-

order models (Falnes and Kurniawan, 2020; Pecher and Kofoed, 2017; Penalba, Giorgi and

Ringwood, 2017; Ringwood et al., 2023). Non-linearities arising from the PTO or mooring,

for example, can be incorporated in time-domain models, however the PTO is approximated

as a linear spring–damper in the frequency domain (Battisti et al., 2024; Folley, 2016).

Linear WEC dynamics in frequency domain models allow the behaviour in irregular sea states

to be constructed from the response to regular waves through linear superposition (Folley,

2016). The time-domain solution can also be obtained through an inverse Fourier transform

(Korde and Ringwood, 2016). Wave spectra are well-represented by a linear superposition of

sinusoidal waves with randomly distributed phases, and different frequencies, amplitudes, and

directions corresponding to the distribution of energy in non-steep waves (Cruz, 2008; Pecher

and Kofoed, 2017). However, large WEC-amplitudes can occur at resonance, violating the

assumption of linearity, and requiring restricted incident amplitudes to retain validity, and

physical constraints on the WEC motions to prevent breaching (Hals et al., 2010).

So-called partially non-linear models have been developed with the aim of capturing key hy-

drodynamic non-linearities by incorporating second-order radiation–diffraction forces or non-

linear contributions to the incident waves and buoyancy forces (e.g., Froude–Krylov forces) in

a linear potential theory framework in the time domain (Penalba, Giorgi and Ringwood, 2017;

Wolgamot and Fitzgerald, 2015). Although these models lack a rigorous mathematical basis,

they are more computationally efficient than non-linear potential-flow models, and have been

found to improve model accuracy and reduce motions when the associated non-linear forces

are significant (Folley, 2016; Wolgamot and Fitzgerald, 2015). Similarly, viscous effects can

be approximated by a drag correction in potential-flow models to improve model accuracy by

reducing the large, amplified WEC motions that occur at resonance in linear models (Giorgi

and Ringwood, 2017; Guo and Ringwood, 2021; Korde and Ringwood, 2016).



CHAPTER 1. INTRODUCTION 5

While it is becoming increasingly tractable to analyse the single body problem using fully

non-linear potential-flow models, or even computational fluid dynamics (CFD) (Folley, 2016),

these methods are still limited to a small number of devices due to computational requirements

(Göteman, 2022). Early concept development remains reliant on linear theory, and is typical in

control (Ringwood et al., 2023), optimisation (Göteman et al., 2020), and wave-to-wire models

that cover the full extent of the energy conversion process, from hydrodynamic interactions

to grid integration (e.g., Garcia-Rosa et al., 2022).

1.2.1 Arrays of WECs

To reach commercial viability and become cost-competitive with other renewable technologies,

WECs will need to be deployed in arrays consisting of multiple devices, which will benefit

from dramatically reduced costs through economies of scale (IRENA and OEE, 2023; Korde

and Ringwood, 2016). Larger arrays (numbers of devices) possess the capacity for greater

power generation relative to the array’s footprint (ocean area and required infrastructure),

and improve power intermittency (Göteman et al., 2015). The substantial upfront investment

favours large arrays, due to the decreased cost of construction, installation, operations and

maintenance per device (Ning and Ding, 2022; Penalba, Touzón, Lopez-Mendia and Nava,

2017). However, the profitability is likely to reach a threshold as the size of the array increases,

due to diminishing returns on power capture per WEC, and practical restrictions on operations

and maintenance activities (Teillant et al., 2012). Initial assessments suggest that such a

threshold could occur when arrays exceed approximately 150 devices (Teillant et al., 2012).

Deployment sites are selected based on the mean power level and variability of the wave

climate, which have a notable influence on capital and operational expenditure (Guo and

Ringwood, 2021). Installation and operation costs vary with the distance from shore (associ-

ated with wave power), water depth, grid connection, ocean leasing and WEC technology, but

are highly uncertain given the nascent nature of the industry, and will vary over the WEC’s

lifetime (Carballo and Iglesias, 2013; Satymov et al., 2024; Teillant et al., 2012). Beneficial

array designs further depend on the WEC concept and appropriate operating conditions. For

example, oscillating wave surge converters are deployed in nearshore, shallow waters, but

heaving buoys are typically deployed further offshore (Ning and Ding, 2022).

Apart from a few exceptions (e.g., Göteman et al., 2015), recent literature is predominantly

concerned with small arrays consisting of only a few devices (> 10 is considered large (Babarit,

2013)) (Teixeira-Duarte et al., 2022). Optimising arrays to maximise power capture is a

recurring theme, in line with one of the foremost challenges to improve efficiency (Sheng,

2019). Given a particular array layout, Evans (1981b) and Falnes (1980) separately derived

maxima for power absorption at a single frequency using linear theory, assuming perfect
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control of the (unconstrained) amplitudes and phases of all the WECs is possible. However,

determining the appropriate individualised PTOs required to attain the theoretical optimum

velocities is complex, and are not achieved by tuning all the buoys to resonance in general

(Falnes, 1980). The amplified WEC motions required to reach theoretical limits frequently

violate the assumptions of linear theory, and must be constrained in practice to comply with

physical and mechanical limitations, such as volume stroke, which places an upper bound on

power capture, except in low incident amplitudes (Evans, 1981a,b; Todalshaug, 2013).

Ideally, an array should be optimised to maximise power at minimum cost over the lifespan of

devices, given the deployment location, reliability, maintenance and operation, while subject

to constraints on ocean area, WEC motions and power fluctuations, amongst others (Battisti

et al., 2024; Göteman et al., 2020; Teixeira-Duarte et al., 2022). Given computational limita-

tions and the complexity with which these factors interact with one another, the optimisation

of arrays is often limited to a single objective (often to maximise power) and a small number

(often one) of controlled variables corresponding to the aspect under consideration (Göteman

et al., 2020). For example, the layout may be optimised while fixing the PTO to be optimal

for the considered WEC in isolation (e.g., Child and Venugopal, 2010), or the layout optimised

in conjunction with individualising the PTO for each WEC (e.g., David et al., 2022; Wilks

et al., 2025). Crucially, the outcome is strongly tied to the objective and conditions under

which optimisation is performed (Ning and Ding, 2022).

Linear theory is overwhelmingly applied in array optimisation due to the large number of

evaluations which demand computationally efficient methods to compute hydrodynamic in-

teractions (Göteman et al., 2020). Theoretically, constructive hydrodynamic interactions in

an array will enhance power capture. Consequently, a popular objective is to maximise the

q-factor, which quantifies constructive (q > 1) or destructive (q < 1) effects by relating the

power captured by an array, to the power that would be captured by the same number of

WECs in isolation, at a given frequency (Budal, 1977). Optimised arrays of fewer than ten

devices (unconstrained amplitudes) are frequently shown to achieve q > 1, but are often

highly sensitive to changes in wave direction and/or frequency (Babarit, 2013; McGuinness

and Thomas, 2017; Ning and Ding, 2022). When averaged over direction, optimally-tuned

arrays can at best achieve q = 1 (Wolgamot et al., 2012). Additionally, both destructive and

constructive interactions will occur over typical incident frequencies (Budal, 1977; Cruz et al.,

2010). Consequently, a constructive effect is unlikely in realistic sea states (McGuinness and

Thomas, 2017), or when averaged over wave conditions (Ning and Ding, 2022).

Similarly, peak q-factors which rely on optimal control, determined for monochromatic waves,

may be unachievable in irregular and directionally spread sea states (Babarit, 2013; Folley

and Whittaker, 2009; Penalba, Touzón, Lopez-Mendia and Nava, 2017), and may require
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WECs within the array to supply (as opposed to capture) power in constructive interactions

(Wolgamot et al., 2012), demanding complex PTO mechanisms (Pecher and Kofoed, 2017).

Constraining WEC motions according to the wave height and/or engineering factors further

limits the potential for constructive interactions, and can increase destructive interference

in small arrays while retaining their sensitivity to wave direction and frequency (Folley and

Whittaker, 2009; McGuinness and Thomas, 2017; McIver, 1994; Zhong and Yeung, 2022).

Consequently, it may be beneficial to minimise destructive effects through randomised, or

large spacing (relative to a characteristic WEC dimension) instead, especially as the number

of WECs increases (Babarit, 2013; McIver, 1994; Zhong and Yeung, 2022).

Although the layout is ideally designed to coincide with the expected range of wave directions

for peak performance (Wolgamot et al., 2012), even a suitable deployment site will experience

variability in terms of direction, frequency, and amplitude (Ning and Ding, 2022). Unlike

isolated heaving buoys, directional variation can considerably reduce the efficiency of arrays

(Pecher and Kofoed, 2017). The sensitivity of array design to frequency and wave direction

must be considered (Cruz et al., 2010), as fixed array layouts will experience substantial

variations in wave conditions over the lifetime of devices (Ning and Ding, 2022), with temporal

variations expected to be amplified by climate change (Mahmoodi et al., 2025).

Generating power from ocean waves subject to temporal variability leads to power fluctuations

which complexify grid integration (Said and Ringwood, 2021). Larger arrays tend to produce

lower fluctuations, but layouts which enhance smoothing can be less efficient relative to the

ocean area utilised, or length of sea-cabling, which are major contributors to the initial outlay

(Engström et al., 2013; Göteman, 2022; Göteman et al., 2015). Although hydrodynamic

interactions are important, analysing design suitability for large-scale energy systems (e.g.,

peaks in power exceeding the capability of electrical systems) may provide greater insight into

economic designs than modelling fluid–structure interactions with higher-fidelity (Folley and

Whittaker, 2009; Göteman et al., 2020).

Optimal layouts for power production (e.g., spacing, layouts with low power fluctuations)

can conflict with economic goals (Ning and Ding, 2022), as compact arrays have a smaller

footprint, which can decrease capital cost and energy losses through shorter sea-cables, fewer

electrical subsystems, and distance to grid connection points (Battisti et al., 2024; Göteman

et al., 2020). The multi-objective optimisation of economic measures in conjunction with

power capture is becoming more common with advances in computational power and the

development of sophisticated, global optimisation algorithms (Ning and Ding, 2022).

Meta-heuristic algorithms are often better equipped to handle the resulting multi-variate,

non-convex, multi-modal optimisation problems (Giassi and Göteman, 2018; Göteman et al.,

2020), and are adept at generating non-dominated solutions for multi-objective outcomes
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(e.g., David et al., 2022). Since computational costs rise quickly and can become intractable

(Göteman et al., 2020), semi-analytical methods are an efficient means to evaluate multiple

configurations for bi-objective optimality (e.g., Göteman, 2022). The many unknowns and

unresolved questions due to the relative technological immaturity have led to a host of de-

sign objectives in the literature, which in combination with different models, have limited

generalised recommendations (Giassi and Göteman, 2018).

Dynamic control methods could potentially mitigate the limitations of static array layouts,

which are unlikely to reconcile conflicting objectives, by adjusting the PTO for maximum

power capture based on short-term wave prediction (Battisti et al., 2024; Guo and Ringwood,

2021). Global (centralised) control accounts for hydrodynamic interactions within an array,

whereas independent (decentralised) control is based on the behaviour of isolated devices

(Bacelli and Ringwood, 2013). Predicting excitation forces for each WEC is significantly more

complex and computationally demanding in global control, even when assuming future wave

conditions can be perfectly forecast (Ringwood et al., 2023). This has significant implications

for some of the most advanced, and promising online methods, like model predictive control

(Li et al., 2025), as hydrodynamic interactions must be resolved and the PTO optimised

in real-time (Ringwood et al., 2023). Constraining maximum forces or WEC displacements

generally reduces the gains obtained through global control (Bacelli and Ringwood, 2013).

The difference between control methods that do or do not consider interactions between WECs

is overshadowed by the impact of optimising control and layout in isolation of one another

(Garcia-Rosa et al., 2015). Control co-design seeks to address interdependence by integrating

the search for optimal control into the optimisation of design parameters (e.g., WEC geom-

etry and array layout), through control-informed optimisation (Peña-Sanchez et al., 2024;

Ringwood et al., 2023). Different control principles lead to vastly different optimal layouts,

which are strongly reliant on the chosen control (Garcia-Rosa et al., 2015; Ringwood, 2025).

The control strategy has a limited ability to compensate for sensitivity to wave direction,

which is primarily governed by the array layout (Garcia-Rosa et al., 2015). Consequently,

control co-design tends to produce single-row, straight line arrays, perpendicular to the di-

rection of propagation, for maximum power capture in uni-directional waves, whereas multi-

directional wave propagation leads to rectangular configurations (Ermakov et al., 2025; Peña-

Sanchez et al., 2024). Regardless of the array layout, predictive control requires accurate wave

forecasts to estimate future wave elevation or excitation force (Bacelli and Ringwood, 2013;

Ringwood et al., 2023). Wave prediction algorithms typically construct the future wavefield

from nearby measurements, or are based on the past history at a specific location (Fusco

and Ringwood, 2010). Accurate prediction is challenging, and must cater for hydrodynamic

interactions within arrays, and spatially irregular, multi-directional wave propagation, based
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on buoy measurements that are subject to variability on multiple time scales, and expensive

to maintain (Cruz, 2008; Fusco and Ringwood, 2010; Pecher and Kofoed, 2017).

Forecasting error can compound in models of arrays, which are also sensitive to hydrodynamic

modelling simplifications (Ringwood, 2025; Veurink et al., 2023). Maximising energy capture

in multi-directional, multi-frequency, variable sea states through dynamically controlling ar-

rays is highly complex, even assuming linear theory, and is still largely limited to arrays with

only a few WECs (Foteinis and Tsoutsos, 2017; Göteman et al., 2020). While advanced dy-

namic control strategies are widely viewed as the most promising route to efficient broadband

capture, they too require economic designs that support high efficiency and are robust to

wave direction. Like optimised layouts of large arrays (e.g., Tokić and Yue, 2021), control

co-design appears to imply that regular, symmetric, and often rectangular arrays, enhance

power capture in irregular sea states (e.g., Ermakov et al., 2025; Peña-Sanchez et al., 2024).

1.2.2 Periodicity, band structures, and graded arrays

The wave propagation supported by large arrays with regular spacing can be predicted using

periodic arrays (infinitely many, repeating elements), which enables the problem to be simpli-

fied to a single WEC, subject to periodic boundary conditions (McIver, 2000). Analysing the

scattering by a diffraction grating or stack, which consists of a single, periodic row of identical

elements, has a long history in solid-state physics, acoustics and electromagnetics (Ashcroft

and Mermin, 1976; Wilcox, 1984). Established theory exists to relate wave interference to

ratios of the incident wavelength and spacing, which transforms the wavefield into a discrete

directional spectrum (McIver, 2002), facilitating the manipulation of propagating modes for

desired reflection and transmission properties using efficient computational methods (Petit,

1980; Twersky, 1962). Analysing the array effects (which do not exist for a single WEC) that

arise in periodic arrays could help inform the design of WEC-arrays (Tokić and Yue, 2019).

Applying linear theory, a stack of three-dimensional (3D) heaving buoys shares theoretical

maxima with two-dimensional (2D) WECs, and can capture at most 50% of the incident

wave energy in heave (symmetric radiation) (Falnes, 1984; Todalshaug, 2013). Plane waves

propagate away from a stack in the far field at scattering angles determined by constructive

interference between the individual circular wavefields (Falnes and Budal, 1982). The number

of real (∈ R) scattering angles depends on the inter-device spacing relative to the wavelength,

and the wave direction. An inter-device spacing of less than half the wavelength returns a

single pair of real scattering angles corresponding to propagating modes of transmission and

reflection respectively, consistent with a 2D wavefield (Falnes and Budal, 1982).

To capture 100% of the incident energy at a prescribed frequency and arbitrary spacing,

the number of rows (or independent modes of oscillation) must equal or exceed the number
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of real scattering angles, which will grow as the inter-device spacing increases relative to

the wavelength (Falnes, 1984). Power capture declines sharply at the emergence of new

scattering angles1, since the reflection and transmission properties are designed for destructive

interference in a single direction (Tokić and Yue, 2019, 2021, 2023). The reflection and

transmission properties of an array are illustrated in Figure 1.2 at selected wavelengths.

(a) (b) (c)

Figure 1.2: The proportion of the incident wave energy that is (a) transmitted ( ), (b) reflected ( ),
or (c) partially reflected and transmitted by an array of non-absorbing (freely floating) WECs is shown
as a function of the wavelength λ, and satisfies reflection + transmission = 1. The regular spacing
Wx between WECs in a stack supports a single scattering angle χ (consistent with the incident wave

direction) on the frequency range. The spacing Wy between stacks governs Bragg resonance.

Consequently, it is preferable to operate in a regime with a single pair of scattering angles.

This only places mild restrictions on inter-device spacing, as the power in ocean waves is

concentrated at long wavelengths (Fusco and Ringwood, 2010). Coherent interactions between

incident and reflected waves occur when the spacing between rows is an integer multiple of half

the wavelength (Bragg condition), leading to the phenomenon of Bragg resonance (Linton,

2011). The resulting band of strong reflection (low transmission) is referred to as a bandgap

and delimits the frequency range where wave interference prohibits propagation, causing the

wave amplitude to change with distance (McIver, 2000; Sheng et al., 2003). In contrast,

passbands define frequency ranges which permit wave propagation through a periodic array.

Strongly reflective WECs are associated with wider bandgaps, and can cause bandgaps created

by Bragg resonance (Bragg bandgap) to shift from the Bragg condition (Linton, 2011). The

spacing between rows should be chosen to avoid Bragg resonance at targeted wavelengths

for power generation, to prevent the substantial decline in power capture (Garnaud and Mei,

2010; Jin, Zhang, Zheng and Xu, 2024) that can occur with as few as two rows of strongly

reflecting WECs (Tokić and Yue, 2019). It is expected that finite arrays would similarly

prohibit transmission, especially as the number of WECs grows (Linton, 2011; McIver, 2000).

1Also referred to as Rayleigh resonances by Tokić and Yue (2019), and as Wood’s anomalies, which lead to
the redistribution of amplitudes over the scattering angles (Hessel and Oliner, 1965).
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The resonant scattering by WECs in a periodic array gives rise to a local bandgap near the

resonant frequency, where the array prohibits transmission (Raghavan and Phani, 2013). The

manipulation of local bandgaps by the tuning of resonant sub-elements has seen widespread

application outside of ocean wave energy capture to control wave propagation. The so-

called metamaterials make use of resonances to engineer transmission properties using sub-

wavelength structures (Li et al., 2016; Sheng et al., 2003). Mathematically, the Bloch–Floquet

problem describes the change in phase and/or amplitude as the associated Bloch waves tra-

verse one period (unit cell) in a periodic array (Linton and McIver, 2001). This information

is contained in the eigenvalues, where the associated Bloch wavenumber determines the band

structures (passbands and bandgaps), or dispersion characteristics, which are typically de-

picted by dispersion curves (Ashcroft and Mermin, 1976).

The local bandgap does not rely on periodicity, but a minimum number of resonators may be

necessary to incur a bandgap (Raghavan and Phani, 2013; Sheng et al., 2003). Consequently,

gradually varying (grading) the resonant properties within the array (e.g., through geometry

or an external mechanism) modifies the associated local dispersion relations of neighbouring

unit cells, creating spatially controlled frequency separation and broadband wave control

over an extended, effective local bandgap (Soliman et al., 2025). Frequencies lying within

the effective bandgap can propagate into the graded array up until a set distance, which is

governed by the resonances (Bennetts et al., 2018), unlike periodic arrays where bandgaps

only support exponentially decaying, evanescent waves (Romero-Garćıa et al., 2013).

The group velocity decreases to zero as frequencies approach the interface between passbands

and bandgaps (band edge), causing localised amplifications as energy accumulates at the

respective band edge, before being reflected back out of the array (Romero-Garćıa et al.,

2013). At frequencies above these turning points, the wave cuts-off, prohibiting propagation

(Bennetts et al., 2018). To permit a wide range of frequencies to propagate into the array,

the cut-offs must be ordered from high to low in the direction of the incident waves, which

is controlled through the resonances. The resulting rainbow reflection derives its name from

optics, due to the spatial separation of frequency components in light spectra (Tsakmakidis

et al., 2007). If the grading is sufficiently gradual, the behaviour of the wavefield at a particular

location in the array can be inferred from the properties of the local unit cell (particular

resonator), as if the array were uniform (Bennetts et al., 2018, 2019; Chaplain et al., 2020).

Efficient, broadband absorption is achieved by tuning an energy extracting mechanism to

capture the reflected wave energy at the graded cut-off points in a process known as rainbow

trapping (Chaplain et al., 2020; Romero-Garćıa, Theocharis, Richoux and Pagneux, 2016).

The resonant oscillations of a periodic row of (non-absorbing) heaving buoys can generate zero

transmission (full reflection) at a frequency near resonance (Tokić and Yue, 2019), which is a
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necessary condition for 100% efficiency (Evans, 1981b). However, symmetric radiation cannot

simultaneously cancel reflected waves (Falnes, 2005). Consequently, perfect absorption at a

single frequency requires two rows of resonators: one to cancel transmission and the other,

reflection (Jiménez et al., 2017b). An analogy can be drawn to employing a periodic row of

non-absorbing oscillators as a reflector for enhanced power capture at particular frequencies

in the water-wave context (e.g., Tokić and Yue, 2023). Similarly, positioning arrays in front of

a vertical cliff face or breakwater, prevents transmission, leading to twice the power capture

(Falnes and Hals, 2012), which can be likened to rigidly-backed systems in acoustics (e.g.,

Romero-Garćıa, Theocharis, Richoux, Merkel, Tournat and Pagneux, 2016).

Nonetheless, near-perfect broadband absorption has been obtained using mono-polar res-

onators in non-rigidly backed systems (allow transmission) in acoustics, by tuning the radia-

tion losses of the array for critical coupling (complex zeros of reflection located on the real-axis

(Romero-Garćıa, Theocharis, Richoux and Pagneux, 2016)) to coincide with zeros in trans-

mission (Jiménez et al., 2017b). Excepting the backmost resonator (which is non-absorbing),

each resonator is critically coupled to the exterior medium within the local bandgap induced

by the successive, lower-frequency resonator, to create a rainbow trapping array (Jiménez

et al., 2017a,b). The concept of grading arrays for rainbow trapping has found recent appli-

cation in efficient, broadband and wide-angle absorption in solar cells (e.g., Feng et al., 2024),

acoustics (e.g., Ryoo et al., 2024), and broadband, piezoelectric energy harvesting (e.g., Tang

et al., 2025) amongst others (e.g., see Soliman et al., 2025).

Applications in the water-wave context were initiated by Bennetts et al. (2018) demonstrating

spatially controlled amplifications of wave energy over a broad frequency range by grading a

small array of non-absorbing, C-shaped cylinders. The rainbow reflection predicted by linear

theory was later confirmed by experimental validation and CFD simulations, in spite of non-

linear wave breaking and viscous effects occurring around localised amplifications, which were

overestimated by linear theory (Archer et al., 2020; Xu et al., 2024; Zhou and Song, 2025).

Insight into energy amplifications and patterns in finite arrays can be gained from analysing

how the eigenvalues of the transfer matrix for a unit cell (approximate the Bloch wavenumber

for a stack (Porter and Porter, 2003)) evolve with grading (Bennetts et al., 2018, 2019).

Graded arrays demonstrate considerable potential for efficient, broadband absorption of ocean

wave energy. Wilks et al. (2022) proposed the first rainbow absorbing WEC-array by grading

surface-piercing, rigid, vertical barriers using a 2D, linear model of wave–structure interac-

tions. Near-perfect, broadband absorption of 4–8 s ocean waves was obtained by augmenting

the array with heaving pistons attached to linear dampers, and optimising the array’s ge-

ometry (Wilks et al., 2022). This ‘pan-flute’ structure (successive barriers extend further

throughout the water depth) can be achieved by integrating oscillating water columns into a



CHAPTER 1. INTRODUCTION 13

breakwater for broadband capture and coastal protection (Hu et al., 2025; Zhao et al., 2023).

Graded designs have also inadvertently emerged in control co-design strategies when geometry

is allowed to vary (e.g., Ermakov et al., 2025); for hinged, multi-float devices (e.g., Stansby

et al., 2015); and when simultaneously optimising layout and PTOs (Wilks et al., 2025).

Bandgaps could further be utilised for coastal protection. For example, dikes composed

of arrays of (non-absorbing) C-shaped resonators have been designed to attenuate periods

associated with storm swell (10–20 s) over a range of wave directions, but permit transmission

of frequencies associated with normal sea states, so that coastal protection is only activated

in appropriate conditions (Dupont et al., 2017). Experimental validation demonstrated that

the bandgaps remain effective with strong non-linearities, including viscous effects and wave

breaking (Dupont et al., 2017). Moreover, graded arrays of non-absorbing C-shaped resonators

have experimentally demonstrated broadband attenuation exceeding linear theory predictions,

possibly as a result of non-linearities (Cao, Chen, Ning, Peng, Xu and Lin, 2025).

Similarly, generating Bragg resonance using bottom-fixed, submerged (non-resonant) bars has

been explored as an alternative to breakwaters, with graded arrays again shown to broaden

bandgaps (e.g., Xie et al., 2025; Xu et al., 2023). Utilising both local and Bragg bandgaps in

periodic arrays of non-absorbing resonators produces substantial wave attenuation for coastal

protection, with a greater number of devices and viscous dissipation often assisting this ca-

pability (Calvo et al., 2025; Lorenzo et al., 2023; Zhang et al., 2024). Recent interest in

combining local and Bragg bandgaps into a super bandgap, or using local bandgaps to bridge

or break Bragg bandgaps (e.g., Cenedese et al., 2021; Cleante et al., 2022; Guo et al., 2020),

could offer a greater ability and flexibility to tailor arrays for coastal protection.

1.2.3 WEC-arrays in coastal protection

Over the last decade, an increasing number of studies have demonstrated the ability of WECs

to provide coastal protection as a by-product of power capture, through significant, albeit wide

ranging, reductions in transmission (10–50%), which are typically used to quantify coastal

protection capability (Boodoo et al., 2025). The ability of WECs to protect against erosion

(through modified sediment transport) incurred by flooding (Bergillos, Rodriguez-Delgado,

Allen and Iglesias, 2019b), storm swells (Abanades et al., 2018, 2014), or longshore drift

(Mendoza et al., 2014), among others, depends on the alongshore location (Abanades et al.,

2015; Bergillos et al., 2018), inter-device spacing (Rodriguez-Delgado et al., 2019), WEC

geometry (Bergillos, Rodriguez-Delgado, Allen and Iglesias, 2019a,b), layout of the array

(Carballo and Iglesias, 2013), as well as the energy content of the sea state and wave direction

(Bergillos, Rodriguez-Delgado and Iglesias, 2019; Boodoo et al., 2025)—alterations to which,

can severely worsen erosion (Mortlock et al., 2017). In these coastal protection studies, the
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WECs are typically modelled as obstacles with a set transmission percentage (estimated

from numerical models or experiments), and their resonant properties and hydrodynamic

interactions are neglected (Boodoo et al., 2025; Zanuttigh et al., 2015).

Models that incorporate hydrodynamic interactions between WECs support the possibility

of low protection (transmission reduced by 10%) at the expense of efficient power capture

(Battisti et al., 2024). Given that transmission is not the sole predictor of shoreline response,

experimental results have indicated that sediment accretion requires a threshold reduction in

transmission to be reached, failing which, offshore migration of sediment can occur (Cohen,

2025). The ability to adapt to real-time conditions through dynamic control, raises the pos-

sibility of altering the objective depending on the sea state, prioritising either power capture,

or coastal protection, so as to fulfil the required function effectively (Battisti et al., 2024;

Boodoo et al., 2025). Entirely separate modes of operation were further proposed by Cui

et al. (2024), who optimised an array for coastal protection in the absence of power capture.

There is a general consensus that compact (closely-spaced), multi-row, nearshore arrays are

best-suited to deliver coastal protection (Boodoo et al., 2025; Carballo and Iglesias, 2013). A

nearshore location reduces installation and operating costs, but also power capture due to less

energetic conditions, and potentially has a greater environmental impact (Cao, Shi, Zheng,

Zhang and Pan, 2025; Carballo and Iglesias, 2013; Zanuttigh et al., 2015). However, offshore

locations risk the regeneration of wave energy by wind or shoaling and diffraction around

the array, thwarting any protection capability (Carballo and Iglesias, 2013; Mendoza et al.,

2014). A separate coastal protection mode of operation may allow for less compact arrays,

located further from the coastline (Cui et al., 2024). Although providing dual functionality

will increase the economic viability of WECs (Clemente et al., 2021; Foteinis and Tsoutsos,

2017), achieving a reasonable degree of coastal protection could compromise efficient power

capture (Battisti et al., 2024; Boodoo et al., 2025; Zanuttigh et al., 2015), which is typically

the primary objective associated with the design of WEC-arrays in the literature.

1.3 Research problem

The question of how to design arrays for efficient power capture in broadband and directionally

spread, variable ocean wave climates, is complex and still largely unresolved. This thesis aims

to address the problem of generating strategies for efficient broadband absorption of ocean

wave energy that are robust to wave direction, by grading the resonant properties of an array

of heaving buoys for rainbow absorption, via the PTO mechanisms. The objectives are:

(i) To achieve rainbow absorption in a 2D model of an idealised WEC-array by grading

the resonances for rainbow reflection, and choosing the PTO damping for near-perfect,
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broadband absorption, which remains effective in irregular sea states, and robust to the

release of non-absorbing modes of motion;

(ii) To extend the mathematical model to 3D and develop analogous strategies for an array

composed of a finite number of stacks when accounting for wave direction, and contex-

tualise the performance of graded finite arrays, obtained by truncating periodic rows,

through comparisons with uniform arrays in irregular sea states;

(iii) To analyse how a drag correction impacts strategies by reducing resonant amplifications.

It is hypothesised that graded arrays could provide coastal protection in conjunction with high

efficiency, broadband power capture in realistic wave climates, as a rainbow absorbing design

creates a broad bandgap with little-to-no transmission, which aligns with the typical objective

of coastal protection literature. Without physical, vertical barriers to prevent transmission,

the array will rely on destructive interference to create bandgaps, which can be tailored to

a particular wave climate. To provide both functions in a single mode of operation, wave

periods of approximately 10–20 s are targeted, which comprise two thirds of usable ocean

wave frequencies for power production (5–20 s; (Coe et al., 2017)), and are associated with

storm swells responsible for erosion events (Dupont et al., 2017).

1.3.1 Significance and contribution

The primary contribution of this thesis is the development of strategies for broadband absorp-

tion which use fixed PTO parameters, avoiding the need for accurate, short-term forecasts and

dynamic control methods, which are sensitive to model errors, and increase cost and system

complexity. The theoretical approach aims to advance the understanding of how WEC-arrays

could be designed for broadband capture to increase cost-effectiveness; provide insight into the

factors governing the effectiveness of strategies for broadband absorption; and aid the devel-

opment of a framework for constructing viable arrays using efficient computational methods.

Array designs that are relevant for coastal protection may enhance economic viability. The

ability to protect coastlines while operating with broadband efficiency has significance for

dual-purpose arrays, where dynamic control is currently required to alternate between power

capture and coastal protection, as low power capture is required to appreciably reduce trans-

mission (Battisti et al., 2024; Cui et al., 2024). The potential for bandgaps created by graded

arrays to be maintained over a range of wave directions will also benefit coastal protection

strategies, as an altered wave direction can worsen erosion (e.g., Mortlock et al., 2017).
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1.3.2 Scope and thesis outline

To facilitate the use of computationally efficient, semi-analytical methods, heaving buoys are

modelled as truncated cylinders (or squares in 2D), and are equipped with negative stiffness

mechanisms2 to access low ocean wave frequencies. The WEC dimensions, PTO parameters,

and installation depth are inspired by CorPower Ocean’s (2024) state-of-the-art C4 device.

Unless otherwise specified, WECs are restricted to heave motion. This is considered a reason-

able assumption for power capture as the PTO is designed to maximise coupling and power

generation in heave, while remaining almost insensitive to surge and pitch motions.

Like other studies in the realm of concept development, linear potential-flow theory is ap-

plied, assuming the WECs undergo small amplitude oscillations relative to their dimensions,

in waves of low steepness. Linear wave theory is generally assumed to be an acceptable approx-

imation in typical operational conditions for wave energy conversion (Falnes and Kurniawan,

2020; Ringwood et al., 2023). However, WEC amplifications at resonance can severely restrict

the steepness of acceptable incident waves for solutions to remain valid. Despite losing accu-

racy outside these bounds, analyses are typically conducted using linear theory, due to the

complexity associated with applying higher-order wave models (Pecher and Kofoed, 2017).

Preliminary theory is outlined in Chapter 2 to introduce the concepts that are used to analyse

the behaviour of a WEC-array. A 2D model is introduced in Chapter 3 to develop theoretical

insight into how strategies for broadband absorption can be generated, and to understand

the properties which govern their success. The heave restriction is relaxed to demonstrate

the wider applicability of the strategies. Chapter 4 progresses to a 3D model. First, a

computationally efficient model of a periodic array composed of diffraction gratings is used to

determine a grading for high efficiency, broadband absorption over a wide range of incident

wave directions. The array is later truncated, introducing edge effects with impact power

capture and sensitivity to direction. Comparisons to uniform arrays are made to contextualise

the performance of a finite, graded array.

A drag correction is incorporated into the 3D model in Chapter 5 to identify how drag

alters the resonant motions of heaving buoys within a linear framework, and the impact that

this has on rainbow absorption. The array properties that lead to efficient capture over

broad frequency and directional bands are summarised in Chapter 6. The impact that WEC

properties have on performance is discussed with the aim of guiding future work, which may

seek to address idealisations or model different WEC concepts. Comments are made on the

potential for graded arrays in coastal protection strategies, and future directions to investigate

the effect on coastlines.

2The use of positive or negative stiffness depends on the WEC’s natural frequency relative to the targeted
wavelengths, and will not alter the methods and approach developed to grade arrays for broadband absorption.



Chapter 2
Preliminaries

This chapter introduces the models, methods, and key concepts used to analyse arrays of

heaving buoys in two- and three-dimensions (2D and 3D, respectively), and to facilitate the

development of strategies for broadband absorption. The underlying theory is widely applied

to wave–structure interactions, and extends naturally between 2D and 3D. For specificity,

a 3D perspective is assumed here, and links to 2D are outlined. The intuitive relationship

between the 2D and 3D models is depicted in Figure 2.1, along with the key terminology.

Derivations specific to the 2D and 3D models are given in Chapters 3 and 4, and the associated

Appendices A and B, respectively, noting that notation is specific to each chapter.

(a)

(b)

Figure 2.1: The arrays consists of a finite number of (a) WECs in 2D or (b) stacks in 3D which are
graded for broadband absorption in Chapters 3 and 4, respectively. Each stack contains infinitely
many, identical heaving buoys, attached to a PTO. The incident wave travels left-to-right (noting

that the view of (b) is rotated by 90 degrees in the clockwise direction in comparison to (a)).

2.1 Modelling the resource

The ocean surface is often approximated as a linear superposition of infinitely many sinusoidal

waves, composed of different frequencies, amplitudes, directions, and randomly distributed

phases, in non-steep and non-breaking waves (Pecher and Kofoed, 2017). Assuming linearity,

an irregular wavefield is decomposed into the individual frequency components (regular waves)

17
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in the frequency domain via a Fourier transform (Korde and Ringwood, 2016). The Cartesian

coordinate system (x, y, z) is applied to the 3D fluid domain Ω, which extends infinitely in the

horizontal directions. The z-axis is directed out of the water, which is governed by potential-

flow theory (incompressible, inviscid and irrotational). Applying conservation of mass, the

scalar velocity potential Φ satisfies Laplace’s equation (Falnes, 2005; Mei et al., 2005),

∇2Φ(x, y, z, t) = 0 on Ω = {(x, y, z) : x ∈ R, y ∈ R,−h ≤ z ≤ η(x, y, t)} , (2.1)

subject to no-normal flow at the finite depth (h), impermeable seabed,

∂Φ

∂z
= 0 at z = −h. (2.2)

Conservation of momentum is applied at the air-water interface, defined by the free surface

z = η(x, y, t). Neglecting surface tension and the motion of air (due to its comparatively low

density), the pressure is assumed to be constant and continuous across the interface, so that

the free surface satisfies the dynamic condition described by Bernoulli’s equation (Linton and

McIver, 2001; Mei et al., 2005)

∂Φ

∂t
+

1

2
|∇Φ|2 + gη = 0 on z = η(x, y, t), (2.3)

where g = 9.81m s−2 is gravitational acceleration. The free surface further satisfies a kine-

matic boundary condition to ensure that the vertical speed of fluid particles is equivalent to

the free surface (particles do not cross the interface) (Linton and McIver, 2001)

∂η

∂t
+
∂Φ

∂x

∂η

∂x
+
∂Φ

∂y

∂η

∂y
=
∂Φ

∂z
on z = η(x, y, t). (2.4)

The kinematic and dynamic free surface conditions are linearised about the undisturbed state

z = η(x, y, t) = 0 assuming small wave amplitudes relative to the wavelength (non-steep), and

combined to form the free surface condition (Linton and McIver, 2001; Mei et al., 2005)

∂2Φ

∂t2
+ g

∂Φ

∂z
= 0 on z = 0. (2.5)

2.2 Wave–structure interactions

The wave–structure interactions in an array of WECs are constructed from the scattering1

characteristics of a single, isolated device using multiple wave scattering theory. In periodic

arrays, this forms the basis of the unit cell. Heaving buoys are modelled as floating, truncated

cylinders with radius L and draught L, attached to a PTO mechanism (Figure 2.1). The fluid

1Defined as the combined diffraction and radiation in this thesis, unlike e.g., Linton and McIver (2001).



CHAPTER 2. PRELIMINARIES 19

is assumed to undergo time-harmonic motion with amplitude Ainc at radian frequency ω,

Φ = Φinc +Φdiff +Φrad︸ ︷︷ ︸
Φscat

= Re

{
gAinc

iω

(
ϕinc + ϕdiff + ζϕrad

)
e−iωt

}
, (2.6)

where i =
√
−1 is the imaginary number and ζ is the complex (∈ C) heave amplitude. Because

of linearity, the velocity potential can be decomposed into incident (inc), diffracted (diff) and

radiated (rad) components (noting that gAinc/(iω) is factored out of the right-hand side of

Equation (2.6)). The solution to the diffraction problem is obtained by holding the WEC fixed

in the incident waves, while the WEC undergoes forced, heave oscillations in the absence of

an incident wave in the radiation problem, with normal velocity ξ̇(t) = Re
{
−iωζe−iωt

}
. The

respective boundary conditions on the wetted surface of the WEC (SB) follow as

∂Φdiff

∂n
= −∂Φ

inc

∂n
and

∂Φrad

∂n
= ξ̇(t) on SB, (2.7a, b)

where ξ̇(t) is determined from the equation of motion (depends on the excitation force of the

incident waves) (Linton and McIver, 2001). The diffraction and radiation potentials satisfy

radiation conditions in the far field (outgoing at infinity) (Linton and McIver, 2001).

Wave–structure interactions are coupled through the forces exerted on the WEC by the sur-

rounding fluid, which is incorporated through the equation of motion (Mei et al., 2005)

M ξ̈ +BPTO ξ̇ + (C+ CPTO)ξ = −ρ
∫∫

SB

∂Φ

∂t
ndS, (2.8)

where ρ = 1025 kgm−3 is the water density and ξ(t) = Re
{
ζe−iωt

}
is the instantaneous

heave. The WEC has mass M (kg) with hydrostatic stiffness C (Nm−1), and the PTO

mechanism is modelled as a linear spring–damper with stiffness CPTO and damping BPTO.

The hydrodynamic forces on the WEC are found by integrating the pressure over the wetted

surface with respect to the component of the unit normal vector to the WEC associated with

heave (n), and decomposing it into diffracted and radiated components (Mei et al., 2005)

−ρ
∫∫

SB

∂Φ

∂t
ndS = −ρ

∫∫
SB

∂Φdiff

∂t
ndS − ρ

∫∫
SB

∂Φrad

∂t
ndS at z = −L. (2.9)

The radiation forcing is separated into the components that are in phase with the acceleration

and velocity of the WEC, respectively (Linton and McIver, 2001; Mei et al., 2005),

−ρ
∫∫

SB

∂Φrad

∂t
ndS = −

(
ρg

ω2

∫∫
SB

Re
{
ϕrad

}
ndS

)
ξ̈ −

(
ρg

ω

∫∫
SB

Im
{
ϕrad

}
ndS

)
ξ̇

= −a(ω)ξ̈ − b(ω)ξ̇. (2.10)

The added mass a(ω) describes the increased inertia of the WEC given it is in water, while
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the radiation damping b(ω) describes the energy lost to radiating waves. The diffraction

component corresponds to the excitation force of the incident waves (Mei et al., 2005)

−ρ
∫∫

SB

∂Φdiff

∂t
ndS = Re

{
F exce−iωt

}
. (2.11)

2.3 A single WEC

The diffraction and radiation properties of an isolated WEC are encapsulated by a diffraction

transfer matrix B (Appendix B.1) which describes how an incident wave will be scattered by a

WEC. The eigenfunction expansion matching method (Linton and McIver, 2001) is applied to

determine B. The WEC is placed at the origin of the coordinate system, and divides the fluid

domain into an interior region (I) below the WEC, and an exterior (E) region surrounding the

WEC, which is demarcated by the sides of the WEC. In 2D, there are two external regions,

defined by −∞ < x ≤ −L and L ≤ x < ∞ in Cartesian coordinates. The interface between

the internal and external regions occurs at the cylinder’s radius r = L in 3D, defined by a

local cylindrical coordinate system (r, θ, z) with x = r cos(θ) and y = r sin(θ).

The complex-valued potential ϕ is found using separation of variables, and is expressed as

an eigenfunction expansion in each region. The unknown coefficients of the expansions are

obtained by matching the solutions across the interface(s) between interior and exterior regions

by applying dynamic and kinematic boundary conditions (Linton and McIver, 2001),

ϕE = ϕI on z ∈ (−h,−L) (2.12)

∂ϕE

∂r
=


∂ϕI

∂r
for z ∈ (−h,−L),

0 for z ∈ (−L, 0),
(2.13)

to enforce continuity of pressure and horizontal velocity, respectively. Equations (2.12) and

(2.13) are multiplied by test functions consistent with appropriate vertical eigenfunctions in

the respective regions, and integrated over the corresponding water depth (Linton and McIver,

2001). The number of modes is truncated according to the desired level of accuracy.

Given an incident wavefield with amplitudes (in a Fourier–Bessel expansion; Chapter 4) con-

tained in the vector C, the diffraction transfer matrix B is defined such that D = BC, where

D = Ddiff +ζDrad is the vector of amplitudes for the scattered potential ϕscat = ϕdiff +ζϕrad.

Grouping the unknown diffraction coefficients in Equations (2.12) and (2.13) on the left,

and the incident amplitudes on the right, the diffraction problem is symbolically written as

(Martin, 2006)

Υ̃

[
Ddiff

ddiff

]
= Ψ̃

[
C

C

]
, (2.14)
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where ddiff are the unknown amplitudes beneath the WEC (Appendix B.1). The matrices Ψ̃

and Υ̃ are derived from the incoming and outgoing waves, respectively, in combination with

multiplication by the respective test functions (Appendices A.1 and B.1). The matrix defined

by Bdiff = Υ̃
−1

Ψ̃ encapsulates the diffraction properties of the WEC.

Assuming unit amplitude oscillation (ζ = 1m), a system of equations for the radiation problem

is given by

Υ̃

[
Drad

drad

]
= υ (2.15)

where υ is the particular solution (from Equation (2.7b)) and d rad are the unknown radiation

amplitudes beneath the WEC. Expressing the excitation force in terms of the incident wave

as F exc = feC, the complex amplitudes associated with heave motion are written as

ζ =
[
−ω2(M+ a(ω))− iω (b(ω) +BPTO) + (C+ CPTO)

]−1
fe (2.16)

so that ζDrad = Υ̃
−1

υζC. Consequently, the matrix defined by Brad = Υ̃
−1

υζ encapsulates

the radiation properties of the WEC. The full solution is obtained through superposition, so

that B = Bdiff + Brad. The B for a 2D WEC is referred to as a scattering matrix, and

contains the reflection and transmission properties of the WEC (Appendix A.1). While the

B fulfils the same function, the term scattering matrix is reserved for a periodic row of WECs

in 3D (§ 2.4.1), where the reflection and transmission have closer analogy to the 2D problem.

2.3.1 Power capture and efficiency

The resonant frequency of a WEC is given by non-trivial solutions to the equation of motion

in the absence of forcing, and is tuned to a prescribed frequency ω0 by setting

CPTO = ω2
0 (M+ a(ω))− C. (2.17)

The time-averaged power captured by a WEC is calculated from (Folley, 2016)

P =
1

2
BPTO| − iωζ|2, (2.18)

where optimising the PTO damping for maximum power (Pmax) at resonance yields

Bopt
PTO

∣∣∣∣
ω=ω0

=

√
b(ω)2 + (ω (M+ a(ω))− (C+ CPTO)/ω)

2

∣∣∣∣
ω=ω0

= b(ω0). (2.19)

The power captured is related to the ability of the WEC to radiate waves which destructively

interfere with the incident wave (Falnes, 2005). Applying reciprocity relations (from Haskind’s

relations), the maximum power capture at resonance can be expressed in terms of the power
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in a unit width of the incident wave crest as (Falnes, 2005; Mei et al., 2005)

Pmax = |F exc|2/ [8b(ω0)] =
1

2k0
ρg |Ainc|2 ω

2k0

(
1 +

2k0h

sinh(2k0h)

)
. (2.20)

The ratio of absorbed to available power defines the WEC’s capture width (Mei et al., 2005),

CW =
1

k0
=

λ

2π
, (2.21)

and depends on the wavenumber k0 (wavelength λ), which is the real root of the dispersion

equation, obtained from the linearised free surface condition (Linton and McIver, 2001). The

theoretical maximum for heave does not depend on the WEC dimensions (Mei et al., 2005).

However, radiation damping decreases with decreasing wavenumber and WEC dimensions

(Bopt
PTO = b(ω0)), implying that the smaller a WEC, or the lower the frequency, the larger

the amplitudes required for maximum efficiency (Mei et al., 2005). This can be seen in

Figure 2.2 (§ 2.3.2), where the optimal velocities of WECs tuned to ω0 = 0.3 rad s−1 and

ω0 = 0.65 rad s−1, respectively, satisfy |−iω0ζ| = |F exc/2b(ω0)| at resonance (Falnes, 2005).

2.3.2 Drag correction

Large WEC amplitudes contradict the assumptions of linear theory. As the incident amplitude

increases and frequencies approach resonance, non-linear effects like drag become increasingly

relevant, and undermine the validity and accuracy of linear models (Folley, 2016; Giorgi

and Ringwood, 2017). Drag effects can be separated into viscous drag, which arises from

skin friction as the fluid viscosity acts on the surface of a body undergoing small-amplitude

oscillations, and pressure drag, resulting from flow separation, turbulence and vortex shedding,

which become prominent as the amplitude increases (Kaneko et al., 2014).

The drag experienced by a WEC is predominantly due to a pressure drag force opposing

the motion of the body (Kaneko et al., 2014; Sarpkaya, 2010). The loss of kinetic energy

through turbulence and/or vortices (Folley and Whittaker, 2010) can significantly reduce

WEC amplitudes (Babarit et al., 2012; Folley, 2016; Giorgi and Ringwood, 2017), and is

proportional to the dynamic pressure exerted on the base of the WEC (Clauss et al., 1992),

Fdrag(t) =
1

2
Cdρ

[∫
SB

∣∣∣∣∂Φ∂z
∣∣∣∣ ∂Φ∂z dS

]
z=−L

=
1

2
Cdρ

∫ 2π

0

∫ L

0
|ξ̇(t)| ξ̇(t)rdrdθ

=
1

2
CdρπL

2 |ξ̇(t)| ξ̇(t) (2.22)
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where the absolute value is to ensure drag opposes the WEC motion (Sarpkaya, 2010). Equa-

tion (2.22) is commonly incorporated into idealised models of heaving WECs to serve as an

empirical drag correction (Lei et al., 2023; Penalba, Giorgi and Ringwood, 2017).

The drag coefficient Cd relates the total drag experienced to the cross-sectional area of the

WEC, and must be fitted to experimental or simulated data (Clauss et al., 1992; Douglas

et al., 1986). There is considerable uncertainty associated with identifying an appropriate

Cd, which depends on the wave conditions, geometry, experimental scaling and methodology

employed (Giorgi and Ringwood, 2017; Molin, 2023; Penalba, Giorgi and Ringwood, 2017).

The drag term is appended to the linearised equation of motion in the time-domain

M ξ̈ +BPTO ξ̇ + (C+ CPTO)ξ = −ρ
∫∫

SB

∂Φ

∂t
ndS + Fdrag(t). (2.23)

The velocity ξ̇(t) can feature multiple harmonics due to the non-linearity of Equation (2.22)

(Mei et al., 2005). Higher harmonics are typically neglected on the assumption that the

velocity at the forcing frequency dominates the response, although this has been criticised

and should be verified a posteriori (Mei et al., 2005; Molin, 2023; Sarpkaya, 2010). For a

WEC in regular waves (exciting force is at a single frequency), the time-averaged power will

depend on the first harmonic due to orthogonality of the Fourier series (Elliott et al., 2015).

A drag force which is linearly proportional to the velocity at the driving frequency is defined

as Fvis(t) = bvis ξ̇(t), and derived by requiring the average work done over a period to be

equivalent to the non-linear drag force (Korde and Ringwood, 2016; Mei et al., 2005)

1

T

∫ T

0
Fvis ξ̇(t) dt =

1

T

∫ T

0
Fdrag ξ̇(t) dt. (2.24)

Writing ξ̇(t) = | − iωζ| cos(ωt+ γ), where γ is the phase, and defining σ = ωt+ γ,∫ T

0
Fdrag ξ̇(t) dt =

1

2
ρCd πL

2 | − iωζ|3 1

ω

∫ 2π+γ

γ

(
| cos(σ)| − | cos(σ)| sin2(σ)

)
dσ (2.25a)

= ρCdπL
2 | − iωζ|3 4

3ω
. (2.25b)

(Equation 2.25b is simplified when equated with Equation 2.26b.) Similarly,∫ T

0
Fvis ξ̇(t) dt = bvis | − iωζ|2

∫ 2π+γ

γ
cos2(σ) dσ (2.26a)

=
π

ω
bvis | − iωζ|2. (2.26b)

Since bvis = 4ρCd L
2 | − iωζ|/3 depends on the unknown ζ, an iterative calculation is defined

by

b
(i−1)
vis ξ̇(i) =

4

3
ρCdL

2 | − iωζ(i−1)|Re
{
−iωζ(i)e−iωt

}
for i = 1, 2, . . . , I, (2.27)
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and justified to be quasi-linear on the basis that a linear system is returned at each iteration

i (Molin, 2023), so that the Fourier transform of Equation (2.23) at a single frequency is[
−ω2(M+ a(ω))− iω

(
b(ω) +BPTO + b

(i−1)
vis (ω)

)
+ C+ CPTO

]
ζ(i)(ω) = F exc(ω). (2.28)

for i = 1, 2, . . . , I. An initial estimate, b
(0)
vis = b̂vis is obtained by setting bvis = 0 in Equa-

tion (2.28), and Algorithm 1 is implemented until a prescribed convergence criteria is met.

Algorithm 1: The iterative process to determine bvis and ζ (Bacelli and Ringwood, 2013).

while |bvis − b̂vis| > 0.1, let bvis = b̂vis;

Determine ζ =
[
−ω2(M+ a(ω))− iω (b(ω) +BPTO + bvis(ω)) + C+ CPTO

]−1
F exc;

Update b̂vis =
4

3
ρCdL

2 | − iωζ|;
end

The drag correction reduces the WEC amplitudes around resonance, as illustrated in Fig-

ure 2.2. The absolute and proportional reduction is greater at lower frequencies where larger

WEC motions are subject to higher drag, as bvis depends on the WEC amplitudes.

Figure 2.2: The velocities |− iωζ| of WECs tuned to ω0 = 0.3 rad s−1 and ω0 = 0.65 rad s−1 are plotted
as a function of frequency when Cd = 0 ( ; no drag), and when Cd = 0.6 ( ; with drag). The
optimal velocity at each ω when Cd = 0 is given by |F exc/2b(ω)| ( ), and is satisfied at resonance.

2.4 Multiple WECs

Multiple scattering theory is applied to model the hydrodynamic interactions in an array

based on the scattering properties of the isolated WECs (i.e., no direct hydrodynamic coupling

between WECs unlike the popular method described by Falnes (2005)). The solution for a

finite array of WECs in 3D is first presented, and then extended to infinitely many WECs in a

periodic row (stack). The scattering by stacks has strong analogies to a 2D model. The direct

matrix method is applied (Kagemoto and Yue, 1986), which extends the approach by Simon

(1982) to include evanescent modes. The semi-analytical method is exact in principle, but

requires truncation in practice, which is selected according to the desired level of accuracy.
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DjΥ j

DlΥ l

C lΨ l

CjΨ j

rj
rl(a) (b)

Figure 2.3: The (a) outgoing wavefield DjΥ j from WEC j is written as an incoming wavefield ClΨ l

in the (b) local coordinates of WEC l using Graf’s addition theorem, where (Wjl, ϑjl) specifies the
location of WEC l in the local coordinates of WEC j.

The scattered wavefield about WEC j is written in terms of outgoing wave functions Υ as

ϕscat = DjΥ j (matrix entries correspond to modes in the expansion). This is transformed into

the local incoming wavefield on WEC l using a separation matrix σjl derived from Graf’s

addition theorem, as ϕincl = (Al + σjlD
j)Ψ l, where Al is the vector of ambient incident

amplitudes, and Ψ is a regular wave function (Martin, 2006). The location of WEC l in terms

of the coordinate system of WEC j is defined by (Wjl, ϑjl) and depicted in Figure 2.3.

A system of equations for the unknown coefficients is derived as (Kagemoto and Yue, 1986)


D1

D2

...

DJ

 =


B1 0 · · · 0

0 B2 0 · · ·
... 0

. . . 0

0 · · · 0 BJ






A1

A2

...

AJ

+


σ11 σ12 · · · σ1J

σ21 σ22 · · · σ2J

...
. . .

...

σJ1 σJ2 · · · σJJ


︸ ︷︷ ︸

σ


D1

D2

...

DJ




(2.29a)

= [I − diag
(
B1 · · · BJ

)
σ]−1 diag

(
B1 · · · BJ

)
[A1 · · · AJ ]⊤, (2.29b)

where I is the identity matrix. To recover the amplitude of WEC j, the heave amplitude

vector ζ for an isolated WEC (Equation (2.16)) is multiplied by the incident wavefield,

ζ l = ζ
J∑

j=1

j ̸=l

σjlD
j + ζAl. (2.30)

If the array consists of infinitely many identical WECs distributed periodically along the

x-axis, with centre-to-centre spacing Wx (m), then Wjl = |j − l|Wx, for j ̸= l, and

ϑj−l =

π for j > l,

0 for j < l.

An ambient incident wave propagating at an angle of χ rad with respect to the x-axis is shifted

by the phase factor Qj = eik0jWx cos(χ) at WEC j, so that the amplitudes can be expressed
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in terms of the zeroth unit cell (centred at the global origin) as Aj = QjA
0 = QjA. The

incident and scattered coefficients for any WEC l can similarly be phase shifted, so that the

unknown incident field on WEC l can be written in terms of the zeroth cell as (Peter et al.,

2006)

C = A+

∞∑
j=−∞
j ̸=l

Qj−lσjlD
j . (2.31)

The infinite summation over j ∈ Z \ l is known as a lattice sum, or Schlömilch series (Linton,

1998), and can be efficiently pre-computed following Peter et al. (2006). The scattered coef-

ficients for the zeroth cell are retrieved by solving (Martin, 2006)

D = BC (2.32a)

=

I −B
∑
j ̸=l

Qj−lσjl

−1

BA. (2.32b)

The velocity potential is the sum of the scattered wavefields of all WECs in terms of their

local coordinate systems

ϕ = ϕamb +
∞∑

j=−∞
QjD

jΥ j . (2.33)

Constructive interference occurs between the scattered wavefields of the WECs, producing

plane waves that propagate away from the stack in a finite number of directions (Falnes and

Budal, 1982), described by the scattering angles χmn, satisfying (Peter and Meylan, 2010)

χmn = arccos

(
ψmn

kn

)
where ψmn = kn cos(χ) +

2mπ

Wx
, m ∈ Z. (2.34)

The number of real-valued scattering angles depends on the incident angle and the spacingWx

relative to the wavelength. The set M of real scattering angles corresponds to propagating

modes, defined by integer values of m where |ψm| < k0 (Peter and Meylan, 2010), namely

−1 < cos(χ) +
2mπ

k0Wx
< 1 where k0 =

2mπ

Wx(±1− cos(χ))
, m ∈ Z, (2.35)

defines the wavenumbers at which real scattering angles cut on, resulting in a redistribution

of energy among the scattering angles (Tokić and Yue, 2019). Complex scattering angles

correspond to evanescent modes that decay with distance (Mulholland and Heckl, 1994).

Therefore, the periodicity enables the wavefield to be defined by a discrete directional spec-

trum and represented as a plane-wave expansion (PWE; (Peter and Meylan, 2010))

ϕ(r, θ, z) = Z0(z)e
ik0r cos(θ−χ) +

∞∑
n=0

Zn(z)
∞∑

m=−∞
D±

mne
iknr cos(θ∓χmn) for ± y > L, (2.36)
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where Zn(z) are the vertical eigenfunctions and D±
mn are the amplitudes of wave modes that

propagate or decay in the ± y–direction (derived from D; Appendix B.2). Propagating modes

are given by χm0 ∈ R, for m ∈ M, and decaying modes by χmn ∈ C for n ≥ 0,m ∈ Z. The

incoming and outgoing waves before or after a stack are expressed in generalised form as

ϕ(r, θ, z) =

N∑
n=0

Zn(z)

q∑
m=−p

(
f+mne

iknr cos(θ−χmn) + f−mne
iknr cos(θ+χmn)

)
, (2.37)

where f±mn are the amplitudes associated with the (real and complex) scattering angles m and

vertical modes n, in the ± y–direction, which are truncated in accordance with a prescribed

accuracy. The number of scattering angles M = p + q + 1 includes both real and complex

scattering angles. The term wide-spacing approximation (WSA) will refer to the neglect of

evanescent modes in interactions between stacks/2DWECs. The equations in 2D are obtained

by setting χ = π/2 in Equation (2.37) (coordinate axes are rotated by π/2 in Chapter 3).

2.4.1 Scattering and transfer matrices

Reflection (R) and transmission (T ) matrices are assembled from the scattered coefficients

for incident waves travelling in the ± y–direction in the PWE for a stack (Peter and Meylan,

2010). Since scattering is symmetric about the x-axis, R± = R and T± = T . The elements

of the (MN ×MN) matrices define the reflection and transmission characteristics for each

combination of propagating and decaying modes, and are generated by treating each scattering

angle and vertical mode as incident upon the stack (the same modes are incident on adjacent

stacks). To illustrate this, R and T are partitioned into the N ×N sub-matrices (denoted by

a hat) obtained by treating each scattering angle −p ≤ m ≤ q,m ∈ Z as incident

T =

inc: χ−q,0:N ··· χp,0:N︷ ︸︸ ︷
T̂

−p
−p · · · T̂

q
−p

...
. . .

...

T̂
−p
q · · · T̂

q
q

, and R =


R̂

−p
−p · · · R̂

q
−p

...
. . .

...

R̂
−p
q · · · R̂

q
q




scat angle:

χ0:N,−p

...

χ0:N,q

(2.38)

Denoting the vectors of wave amplitudes travelling in the ± y–direction, before and after

a stack s by f±
s−1 and f±

s respectively, a scattering matrix Ss mapping the amplitudes of

incoming waves to outgoing waves is assembled from R and T such that[
f−
s−1

f+
s

]
= Ss

[
f+
s−1

f−
s

]
where Ss =

[
Rs T s

T s Rs

]
. (2.39)
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Similarly, a transfer matrix P s for the stack maps wave amplitudes in the positive y–direction[
f+
s

f−
s

]
= P s

[
f+
s−1

f−
s−1

]
where P s =

[
Q 0

0 Q−1

][
T s −Rs inv(T s)Rs Rs inv(T s)

−inv(T s)Rs inv(T s)

]
, (2.40)

and the diagonal matrix Q, with elements Qmn = eiknWy sin(χmn), encodes the phase change

over a unit cell in the y–direction (wavefield is defined in local coordinates, before the stack).

The eigenvalues of P occur in complex conjugate pairs with unit magnitude, or real-valued, re-

ciprocal pairs (Porter and Porter, 2003). In the WSA, the eigenvalues eig(P ) = exp (±iβWy)

approximate the Bloch wavenumber β which describes the band structures governing prop-

agation through a periodic array (Linton and McIver, 2001). The Bloch problem utilises

Bloch–Floquet theory to reduce the problem to a single period (Porter and Porter, 2003),

with the potential in adjacent unit cells related through periodic boundary conditions (McIver,

2000).

Real-valued Bloch wavenumbers define passbands where Bloch waves propagate across a unit

cell with an appropriate phase change (Linton and McIver, 2001; Porter and Porter, 2003).

Complex-valued Bloch wavenumbers define bandgaps in which the associated Bloch waves

change in amplitude as they cross the unit cell (Linton and McIver, 2001). The transfer and

scattering matrices for a unit cell in 3D accounts for the full stack (infinitely many WECs).

The corresponding matrices in the 2D model (Equations 3.20 and 3.31, Chapter 3) are of the

same form, but the scattering matrix is derived analogously to the diffraction transfer matrix

in the 3D model (Appendix A.1).

2.4.2 Multiple stacks

The array consists of a finite number of stacks (or 2D WECs) S, with centre-to-centre distance

Wy in the y–direction (assuming uniform Wy for simplicity). The wavefield between stacks

(s − 1) and s is written in terms of incoming and outgoing amplitudes f±
s , for s ≥ 1 noting

phase factors must be considered as f±
s are defined relative to the front of a stack to simplify

notation. Scattering matrices are iteratively combined to capture interactions between stacks

following Mulholland and Heckl (1994) to form a scattering matrix for the array.

Reflection and transmission matrices for the array consisting of stacks 1 to s, s > 1 are denoted

R±
s and T ±

s respectively, with R±
1 = R1 and T ±

1 = T 1, such that (Peter and Meylan, 2010)

R+
s f

+
0 = R+

s f
+
0 + T+

s f
−
s (2.41)

T −
s f

+
0 = T −

s−1Qf+
s , (2.42)
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where ± indicates reflection/transmission in front or behind the array. The amplitudes of the

wavefield travelling between stacks 1 to s and stack (s+ 1) are (Peter and Meylan, 2010)

f−
s = QR+

s−1Qf+
s (2.43)

f+
s = T−

s f
+
0 +R−

s f
−
s . (2.44)

An expression for f+
s in terms of the known incident amplitude f+

0 of the ambient incident

wave is obtained by substituting (2.43) into (2.44), so that R+
s and T −

s are given by

R+
s f

+
0 = R+

s f
+
0 + T+

s QR+
s−1Q

[
I −R−

s QR+
s−1Q

]−1
T−

s f
+
0 (2.45)

T −
s f

+
0 = T −

s−1Q
[
I −R−

s QR+
s−1Q

]−1
T−

s f
+
0 . (2.46)

Similarly, R−
s and T +

s are derived as

R−
s = R−

s−1 + T −
s−1QR−

s

[
I −QR+

s−1QR−
s

]−1 T +
s−1Q (2.47)

T +
s = T+

s

[
I −QR+

s−1QR−
s

]−1 T +
s−1Q. (2.48)

The wavefield scattered by the array is obtained fromf+
S

f−
0

 = S

f+
0

f−
S

 , where S =

R−
S T −

S

R+
S T +

S

 . (2.49)

When bvis = 0, the elements of the reflection (Rm0) and transmission (Tm0) matrices of the

array associated with propagating modes satisfy the energy conservation relation (McIver,

2000) ∑
m∈M

(
|Rm0|2 + |Tm0|2

)
sin(χm0) = sin(χ). (2.50)

When the periodicity is less than half the wavelength, the wavefield is 2D in the far field

(i.e., m = 0 and χ00 = χ), and consists of a single propagating mode of transmission (in

the direction χ) and reflection (direction −χ), regardless of the incident angle (Budal, 1977;

Falnes, 1984). Consequently, Equation (2.50) simplifies to the 2D result |R|2 + |T |2 = 1

(Falnes and Budal, 1982; Newman, 1975), where R ≡ R00 and T ≡ T00.

The efficiency of a stack or 2D WEC (without drag) is quantified by the absorption

α = 1− |R|2 − |T |2, (2.51)

which calculates the non-dimensionalised proportion of the incident wave energy power that

is captured in terms of the power in the reflected and transmitted waves (Evans, 1976) (i.e.,

in terms of the wavefield). The absorption is determined by the radiation properties of the
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device, which implicitly depends on the geometry and the modes of motion (Evans, 1976;

Newman, 1975). Axisymmetric (symmetric about the axis of oscillation) WECs (2D or stack

of WECs) can capture α = 0.5 at optimum in a single mode, and α = 1 by combining

symmetric (heave) and antisymmetric (surge or pitch) modes of motion, as radiated waves

must cancel both reflection and transmission (Falnes and Kurniawan, 2020; Todalshaug, 2013).

Equivalent results are obtained by relating the power capture (Equation (2.18)) of a WEC (2D,

or in a unit cell of a stack) to the power available for conversion, which is characterised by the

incident wave power across a unit cell widthWx (Mei et al., 2005), as the non-dimensionalised

capture width

CW = P/
[
ω

4k

(
1 +

2kh

sinh(2kh)

)
|Ainc|2Wx sin(χ)

]
= α. (2.52)

The efficiency is derived through far field expressions (Falnes and Kurniawan, 2020). (Since

0 ≤ α ≤ 1 is equivalent in 2D and 3D, the 2D term efficiency is also used for stacks in

3D here, as capture widths are seldom defined for arrays in the literature, and range widely

depending on the characteristic length used to non-dimensionalise, i.e., CW can exceed 1.)

In 3D, α = 1 requires two independent modes of oscillation for axisymmetric WECs, either

through two heave-restricted stacks, or one stack capable of multiple modes of motion (Falnes,

1984). Non-symmetric radiation can be accomplished using a WEC concept2 with two modes

of motion, or through grouping several WECs in a unit cell (Falnes and Budal, 1982).

These results can be generalised to a wider spacing Wx, where scattering modes will cut on

at lower frequencies, provided the number of independent modes of oscillation or rows equals

or exceeds the number of real scattering angles (Falnes, 1984). However, Equation (2.52) is

not suitable for finite arrays (3D model), as χ→ 0 is not necessarily accompanied by P → 0

(Evans, 1981b), and the concepts of reflection and transmission are not clearly defined. To

quantify the proportion of power captured, a relative capture width is defined by

CWfinite =

NWECs∑
j=1

Pj
/ [ ω

4k

(
1 +

2kh

sinh(2kh)

)
|Ainc|2NWECs/rowWx

]
, (2.53)

where NWECs is the total number of WECs, and NWECs/row, the number of WECs per row.

Equation (2.53) scales the capture width by the total frontage of the array (McIver, 1994).

The theoretical maxima assume unconstrained amplitudes that can be controlled for optimum

wave cancellation which restricts validity to incident wave amplitudes at which physical limi-

tations are respected (Falnes, 1984). When a drag correction is incorporated, Equation (2.51)

2Porter et al. (2021) demonstrate how theoretical capture widths of axisymmetric devices can be extended
by encasing cylinders with paddles (controlled by individual PTOs) to create generalised modes of motion.
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(a)

(b)

Figure 2.4: The phase portrait of the reflection coefficient for a (a) uniform and a (b) graded array.
Poles are marked X, and zeros ◦. The resonant frequency ω0 is marked on Re(ω), and the reflection
|R|2 for ω ∈ R is overlaid. The location of array resonances is predominantly determined by Wy.

includes dissipative losses and is no longer indicative of power capture, which is instead cal-

culated from the WEC motions (Equation (2.52)).

2.4.3 Complex plane: Phase portraits

The reflection and transmission coefficients encapsulate key properties of the array which can

be accessed by extending the coefficients to complex frequencies, and visualising them in the

complex plane by means of a phase portrait. To illustrate this, the phase portraits of reflection

and transmission for energy conserving arrays (no drag/PTO damping) with four stacks are

shown in Figures 2.4 and 2.5, respectively. The phase is colour-coded according to its location

on the complex unit circle, and the corresponding hue on the colour wheel (Wegert, 2012).

Pole–zero pairs are produced by rapid phase changes at resonance (McIver, 1985), and are

distinguished by the ordering of colours (poles are clockwise, zeros are anticlockwise) (Wegert,

2012). The properties of the complex resonances are encoded by the poles (marked X), so

that the imaginary part is related to the radiation damping and the real part, to the resonant

frequency (Romero-Garćıa, Theocharis, Richoux, Merkel, Tournat and Pagneux, 2016). The

distance between a pole and zero is governed by the resonance bandwidth of the stack (2D

WEC), with greater distances producing broader peaks/troughs in reflection/transmission at

real frequencies (Romero-Garćıa, Theocharis, Richoux and Pagneux, 2016).

The location of pole–zero pairs in the complex plane govern the array behaviour, and can be

manipulated via the PTO to alter the reflection and transmission of an array. In a uniform
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(a)

(b)

Figure 2.5: The phase portrait of the transmission coefficient for a (a) uniform and a (b) graded array.
Poles are marked X, and zeros ◦. The associated resonant frequency is marked on Re(ω), and |T |2 for

ω ∈ R is overlaid. The location of array resonances is predominantly determined by Wy.

array (all stacks) tuned to ω0 = 0.475 rad s−1, the resonances accumulate below the local

bandgap (Figures 2.4a and 2.5a). Zeros in reflection coincide with peak transmission, and

zeros in transmission align near the start of the local bandgap. Array resonances (do not

exist for a single stack) are generated through wave interference as waves are reflected back

and forth between the array edges, and are primarily controlled by the spacing Wy.

Grading the resonant frequencies of stacks fundamentally alters the array’s properties, as

demonstrated in Figures 2.4b and 2.5b by tuning the stacks from right-to-left in an array to

ω0 = 0.4, 0.43, 0.46 and 0.5 rad s−1, for a left-to-right incident wave. The grading distributes

zeros in transmission over a wider frequency range which extends the local bandgap. Zeros

in reflection are displaced to create full reflection. Array resonances restrict the extent of the

local bandgap, but can be influenced by the PTO. Unlike a uniform array, the resonances

occupy the local bandgap, where the grading creates near-zero transmission.

Near-perfect absorption is generated by tuning the PTO damping to place complex zeros in

reflection near the real frequency axis, so that the extracted energy (or loss through drag)

matches the inherent damping (Romero-Garćıa, Theocharis, Richoux and Pagneux, 2016).

The PTO damping downshifts and deforms pole–zero pairs in the complex frequency plane

(not shown), which can broaden the resonance bandwidth and thus absorption (Romero-

Garćıa, Theocharis, Richoux, Merkel, Tournat and Pagneux, 2016). The wider the band-

width, the more opportunity for strong interference between resonances (Romero-Garćıa,

Theocharis, Richoux and Pagneux, 2016), which can affect the ability to control reflection

and transmission. Greater separation in frequency space facilitates better control.



Statement of Authorship 
Title of Paper Broadband near-perfect capture of water wave energy by an array of heaving buoy 

wave energy converters 

Publication Status 
 

 

Publication Details Westcott, A.-R., Bennetts, L. G., Sergiienko, N. Y. & Cazzolato, B. S. (2024) 

Broadband near-perfect capture of water wave energy by an array of heaving buoy 

wave energy converters. J. Fluid Mech. 998, A5. 

Principal Author 

Name of Principal Author (Candidate) Amy-Rose Westcott 

Contribution to the Paper 

 

 

Conceptualisation; literature review; modelling; design and implementation of 

methodology; code writing; validation; development of strategies and generation of 

results; optimisation of strategies; analysis, interpretation and synthesis of results; 

production and formatting of figures; preparation and writing of initial draft; editing 

and revision of manuscript, before and after review; corresponding author. 

Overall percentage (%) 80% 

Certification: This paper reports on original research I conducted during the period of my Higher 

Degree by Research candidature and is not subject to any obligations or contractual 

agreements with a third party that would constrain its inclusion in this thesis. I am 

the primary author of this paper. 

Signature  Date 16/12/2025 

Co-Author Contributions 

By signing the Statement of Authorship, each author certifies that: 

i. the candidate’s stated contribution to the publication is accurate (as detailed above); 

ii. permission is granted for the candidate in include the publication in the thesis; and 

iii. the sum of all co-author contributions is equal to 100% less the candidate’s stated contribution.  

Name of Co-Author Luke Bennetts 

Contribution to the Paper Conceptualisation; design of methodology; assisted with interpretation of results; 

supervision; feedback on initial draft; critical review and revision of manuscript. 

Signature Date 10/12/2025 

 

Name of Co-Author Nataliia Sergiienko 

Contribution to the Paper Conceptualisation; supervision; commentary and feedback on manuscript. 

Signature  Date 11/12/2025 

 

Name of Co-Author Benjamin Cazzolato 

Contribution to the Paper Conceptualisation; supervision; commentary and feedback on manuscript. 

Signature Date 14/12/2025 

Published Accepted for Publication

Submitted for Publication
Unpublished and Unsubmitted work written in 
manuscript style



Chapter 3
Broadband near-perfect capture of water

wave energy by an array of heaving buoy

wave energy converters

Abstract

Arrays of heaving buoy type wave energy converters (WECs) are a promising contender to

harness the renewable power of ocean waves on a commercial scale but require strategies to

achieve efficient capture of wave energy over broad frequency bands for economic viability.

A WEC-array design is proposed for absorption over a target frequency range in the two-

dimensional water wave context by spatially grading the resonant properties of WECs via

linear spring–damper power take-off mechanisms. The design is based on theories for rainbow

reflection and rainbow absorption, which incorporate analyses based on Bloch wave modes

and pole–zero pairs in complex frequency space. In contrast to previous applications of these

theories, the influence of a higher-order passband and associated pole–zero pairs are shown

to influence absorption at the high-frequency end of the target interval. The theories are

used to inform initialisations for optimisation algorithms, and an optimised array of only five

WECs is shown to give near-perfect absorption (≥ 99%) over the target interval. Broad-

band absorption is demonstrated when surge and pitch motions are released, for irregular sea

states, and for incident wave packets in the time domain, where the time-domain responses

are decomposed into Bloch modes to connect with the underlying theory.

3.1 Introduction

Ocean waves offer an abundant and consistent source of renewable energy (Pecher and Ko-

foed, 2017). For over half a century, researchers have sought to harness this power using wave

energy converters (WECs) (Cruz, 2008), although they are yet to reach economic viability

(Gallutia et al., 2022). Heaving buoys with attached power take-off mechanisms (PTOs) are

one of the most popular proposed/tested WEC concepts for commercial scale ocean-wave en-

ergy conversion (IRENA, 2020). Like most WECs, heaving buoys are tuned to resonate, such

that maximum absorption is achieved through optimum wave interference at the resonant

frequency (Falnes, 2005). But a näıve deployment of WECs in the inherently broadband,

34
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seasonal, ocean-wave climate (Pecher and Kofoed, 2017) will not provide the broadband ab-

sorption needed to make them a competitive energy source, as they are efficient only in a

narrow frequency range due to their physical characteristics (Falnes and Hals, 2012).

WECs are deployed in arrays (or “farms”) to help meet energy demands and improve cost-

effectiveness (Pecher and Kofoed, 2017). Wave interactions between the WECs in an array can

either enhance or degrade the performance of the array in comparison with the same number

of WECs operating independently (Gallutia et al., 2022; Göteman et al., 2020). Designing

WEC-arrays to enhance power capture is an active research topic, with most studies based

on numerical and mathematical models, of which the majority use linear potential-flow the-

ory (Folley, 2016). Approaches include optimising WEC geometries/layouts (Babarit, 2013;

Edwards and Yue, 2022; Göteman et al., 2020), employing control strategies via the PTO

mechanism to maintain/create resonant conditions over broad frequency bands (Bacelli and

Ringwood, 2013; Pecher and Kofoed, 2017), or a combination of optimising the WEC layout

and a control strategy (Garcia-Rosa et al., 2015; Golbaz et al., 2022).

Theoretical progress has been made for uniformWEC-arrays, i.e., identical and equally spaced

WECs with identical PTO parameters. Without absorption, the so-called Bloch waves sup-

ported by the array separate into passbands (where the Bloch waves propagate through the

array) and bandgaps (where the Bloch waves are unable to propagate). Bandgaps are related

to destructive wave interference between WECs in an array, which considerably reduces power

capture, whereas frequencies on passbands just below the bandgap are related to constructive

wave interference over the array that enhances power capture (Garnaud and Mei, 2010; Tokić

and Yue, 2019). In general, bandgaps can be created by Bragg resonance, which is controlled

by spacing of the WECs in the array (Tokić and Yue, 2019), or local resonances of individual

WECs in the array. In the latter case, the bandgap structure has been shown experimentally

to be robust to non-linear wave breaking caused by the local resonances (motivated by coastal

protection and without absorption Dupont et al., 2017).

In order to be considered broadband, a WEC-array would need to achieve high efficiency over a

broad power capture interval, most likely lying within wave periods between 5 and 20 s, which

are feasible for ocean wave energy capture (Coe et al., 2021). The PTO parameters can be

adjusted in time according to predicted sea states to achieve broadband absorption, but this

approach requires accurate wave prediction capability (Fusco and Ringwood, 2010; Gallutia

et al., 2022) and is sensitive to model errors (Cruz, 2008; Folley, 2016), while increasing

cost, system complexity and maintenance requirements (Garnaud and Mei, 2009; Pecher and

Kofoed, 2017). Designing WEC-arrays to be capable of broadband absorption with PTO

parameters that are constant in time would improve economic viability (Pecher and Kofoed,

2017; Sergiienko et al., 2017).
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Spatially graded arrays are a promising design strategy (Bennetts et al., 2018) to achieve

broadband absorption (Porter, 2021; Wilks et al., 2022). Grading (without absorption) is used

for spatially controlled amplification of wave energy within an array according to frequency,

as wave energy at a certain frequency is gradually slowed and accumulates as it reaches the

location in the array at which the local periodicity defines the transition from a passband to a

bandgap (Bennetts et al., 2018). Predictions of this phenomenon from linear theory have been

confirmed experimentally, in spite of non-linear wave breaking where the waves are amplified,

which merely reduces the amplification factors (Archer et al., 2020). Without absorption (e.g.

Archer et al., 2020; Bennetts et al., 2018; Xu et al., 2024), the graded array ultimately reflects

the amplified wave energy (hence, the phenomenon is referred to as rainbow reflection), but

with absorption the energy can potentially be captured (e.g. Chaplain et al., 2020). The

resulting rainbow absorption has been demonstrated in acoustics (e.g. Jiménez et al., 2017b;

Romero-Garćıa, Theocharis, Richoux and Pagneux, 2016), and elasticity (e.g. Chaplain et al.,

2020).

Of particular relevance to the present study, Wilks et al. (2022) introduced the concept of

rainbow absorption to ocean wave energy harvesting, using a two-dimensional (2D), linear

model of wave–structure interactions. Closely following the approach of Jiménez et al. (2017b)

in acoustics, Wilks et al. (2022) designed a water-wave rainbow reflection structure from an

array of surface-piercing, rigid, vertical barriers by grading the width between barriers and

their submergence. They then added heaving pistons with attached linear damping to create

rainbow absorption, and optimised the graded geometry to achieve broadband absorption of

98.2% on an angular frequency interval of 0.8–1.6 rad s−1 (wave periods ≈ 4–8 s). The barrier

submergence increases with distance along the array, reaching up to 80% of the water depth,

such that the isolated barrier allows virtually no transmission for the wave frequencies of

interest (B. Wilks, personal communication). The corresponding periodic arrays support a

single passband at low frequencies, followed by a bandgap that extends to infinity in frequency

(although interspersed with very narrow high-frequency passbands Wilks et al., 2024). Their

approach is broadly similar to positioning a WEC-array near a rigid wall or breakwater (e.g.

Konispoliatis and Mavrakos, 2020) to increase absorption by harnessing reflections (Falnes

and Hals, 2012).

In this study, we show that it is possible to create rainbow absorption with a generic array of

heaving buoy type WECs by grading the WEC-resonances using the PTOs while maintaining

uniform WEC geometries and spacing, and without the need for a surrounding structure.

We achieve near-perfect absorption (99% efficiency) over a broad, targeted frequency range of

practical interest (angular frequencies 0.3–0.65 rad s−1 or wave periods≈ 10–20 s) using a small

number of WECs (typically five) with time-independent PTO parameters. The WECs do not

act like rigid barriers, and destructive wave interactions within the array are necessary to
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generate bandgaps. Over the frequency range considered, multiple passbands and bandgaps

exist, which results in interplay between local resonance and Bragg resonance (Guo et al.,

2020) not seen in previous cognate studies.

The governing equations and solutions methods used in the study are set out in § 3.2 and § 3.3,

respectively. The model (based on 2D linear potential-flow theory) and methods (eigenfunc-

tion matching for individual WECs and transfer matrices for WEC interactions) are standard,

but are presented for completeness and to establish key notations. The primary contribution of

the article is to outline an approach to design an array that achieves near-perfect broadband

absorption using bandgaps, zeros of reflection for complex-valued frequencies, and efficient

optimisation algorithms. The approach is introduced in stages: by introducing Bloch waves

for a uniform non-absorbing array and connecting the complex resonances of the finite array

with the band structure (passbands and bandgaps) of the corresponding infinite array (§ 3.4);

grading the PTO stiffness to achieve rainbow reflection, and then tuning the PTO damping

to achieve complex zeros of reflection and, hence, rainbow absorption (§ 3.5); and using the

knowledge gained to inform optimisation algorithms that generate near-perfect broadband

absorption, which is subsequently extended to multiple degrees of freedom (surge and pitch

released) and applied to irregular sea states (§ 3.6). The performance of one of the proposed

arrays is demonstrated in the time domain for incident wave packets, for which a novel de-

composition into the time-domain Bloch wave modes is used to connect with the underlying

theory (§ 3.7). The relevance of the outlined approach to an equivalent three-dimensional

(3D) model is discussed, along with other practical next steps (§ 3.8).

3.2 Preliminaries

Consider a two-dimensional water domain, Ω, in which locations are defined by a Cartesian

coordinate system (x, z), where the x-axis is chosen to coincide with the undisturbed free

surface, and the z-axis is directed out of the water. The water domain is bounded below

by an impermeable seabed at z = −h, and above by a free surface, z = η(x, t), where t is

time. An array of N geometrically identical WECs (WEC 1, WEC 2, . . . , WEC N) occupies

the water domain. Each WEC involves a heaving buoy and a PTO mechanism, broadly

representative of the bottom-referenced heaving buoy developed by CorPower Ocean (2024).

For ease of computation, the buoys are square with side lengths 2L, but should have rounded

vertices in practice to prevent flow separation and vortices (Yeung and Jiang, 2014). The

buoys are evenly spaced along the free surface with separation distance d, and the first buoy

is centred at x = 0 (Figure 3.1).

Water motions are modelled using linear potential-flow theory (inviscid, incompressible and

irrotational fluid with small amplitude relative to wavelength λ), such that the velocity field
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Figure 3.1: Schematic of the problem involving an array of N WECs forced by an incident wave from
x→ −∞ (blue arrow).

is the gradient of a scalar velocity potential, Φ(x, z, t) (Linton and McIver, 2001). The free

surface is related to the velocity potential via the linearised dynamic condition

[∂tΦ]z=0 = −g η, (3.1)

where g ≈ 9.81m s−2 is gravitational acceleration and ∂• denotes the partial derivative with

respect to the subscript (Linton and McIver, 2001). Under the assumption of time-harmonic

motions at a prescribed angular frequency ω ∈ R > 0, the velocity potential and surface

elevation can be written as

Φ(x, z, t) = Re

{
gA

iω
ϕ(x, z)e−iωt

}
and η(x, t) = Re

{
Aζ(x)e−iωt

}
(3.2a, b)

where ϕ ∈ C and ζ ∈ C are a reduced potential and surface elevation, respectively, A is

the incident wave amplitude and i =
√
−1 is the imaginary unit. The potential, ϕ, satisfies

Laplace’s equation

∇2ϕ = 0 throughout Ω, (3.3)

and a no-normal flow condition at the seabed

∂zϕ = 0 on z = −h. (3.4)

At the free surface, the potential is related to the surface elevation, ζ, by dynamic and

kinematic conditions, respectively,

ζ = [ϕ]z=0 and ζω2/g = [∂zϕ]z=0, (3.5a, b)

which can be combined into the single boundary condition

∂zϕ =
ω2

g
ϕ at z = 0, (3.6)

for the potential only. Radiation conditions are applied in the far-field (Linton and McIver,

2001).
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The PTOs are modelled as linear spring–damper mechanisms, defined by stiffness and damp-

ing coefficients, respectively,

cPTO
(n) and bPTO

(n) for n = 1, 2, . . . N. (3.7a, b)

The damping coefficients are non-negative but the stiffness coefficients can be positive or

negative (Kurniawan and Zhang, 2018; Todalshaug et al., 2016). The complex amplitude of

the vertical (heave) oscillations of WEC n is denoted by ξne
−iωt (n = 1, 2, . . . , N). Linearised

boundary conditions on the wetted surfaces of each WEC are given by

∂zϕ =
ω2

g
ξn for x

(n)
L ≤ x ≤ x

(n)
R and z = −L (3.8)

and ∂xϕ = 0 for x = x
(n)
L , x

(n)
R and − L < z < 0, (3.9)

for n = 1, 2, . . . , N , where x
(n)
L and x

(n)
R denote the left- and right-hand edges of WEC n,

respectively (Figure 3.1).

For an incident plane wave with angular frequency ω, the heave amplitude ξn of WEC n,

where n = 1, 2, . . . , N , is obtained from the equations of motion[
−ω2 (M+ a(ω))− iω(b(ω) + bPTO

(n) ) + (c+ cPTO
(n) )

]
ξn(ω) = F(n)(ω), (3.10)

given the excitation force F(n)(ω) on WEC n, which depends on the wave amplitudes within

an array (i.e., it accounts for WEC interactions; Appendix A.1). The heave excitation force

arises from the hydrodynamic pressure exerted on the underside of a fixed WEC, while the

added mass, a(ω), and radiation damping, b(ω), result from forced oscillations in heave (Ap-

pendix A.1), and are proportional to the acceleration and velocity of the isolated body, respec-

tively (Linton and McIver, 2001; Mei et al., 2005). Assuming a suitable static force component

of the PTO, the mass per unit breadth of a single WEC is M = 4100L2 kg m−3, and c is the

hydrostatic stiffness (Mei et al., 2005).

The proportion of incident wave energy captured by the WEC-array, α(ω), can be determined

from the scattering coefficients of the array (reflection, R ∈ C, and transmission, T ∈ C, for
the array of heaving WECs), using the relation

α(ω) = 1− |R(ω)|2 − |T (ω)|2. (3.11)

To achieve perfect absorption (α = 1) at some ω0 ∈ R+, the WEC-array must prevent

reflection and transmission of waves at ω0, implying

|R(ω0)|2 = 0 and |T (ω0)|2 = 0. (3.12a, b)
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For a single WEC in isolation (i.e., an array with N = 1 WEC; heave amplitude later denoted

ξh(n)), the optimal PTO parameters for maximum power capture at a specified resonance

frequency, ω = ω0, can be derived as

cPTO = ω2
0 (M+ a(ω0))− c and bPTO = b(ω0), (3.13a, b)

which gives α(ω0) = 0.5 for a rigid, axisymmetric, heaving buoy (Evans, 1981b; Falnes,

2005). This can be interpreted as setting the stiffness coefficient to tune the natural WEC

resonance to the chosen frequency and the damping coefficient such that the radiation cancels

the maximum possible amount of diffracted energy.

Broadband absorption over the target frequency interval

ωα ≡ [ωlb, ωub] = [0.3, 0.65] rad s−1 (3.14)

is defined in terms of the mean absorption over the interval, α̂, such that

α̂ =
1

ωub − ωlb

∫ ωub

ωlb

(
1− |R(ω)|2 − |T (ω)|2

)︸ ︷︷ ︸
α(ω)

dω. (3.15)

For the purposes of this study, near-perfect absorption is defined as α ≥ 0.990 at a single

frequency and α̂ ≥ 0.990 over the target interval, which covers two thirds of usable ocean

wave frequencies (Coe et al., 2021).

Parameter values broadly representative of CorPower Ocean’s C4 device are applied to model

the WEC-array (Alday et al., 2023). Each WEC has width 2L = 10m (Babarit, 2013), and

the water depth is h = 50m (Liu et al., 2023), as is typical of heaving buoy arrays. However,

different dimensions and wavelengths could equivalently be employed. Negative stiffness co-

efficients are used to decrease the natural WEC-resonances in order to achieve resonance on

the target interval. A negative stiffness mechanism can broaden the resonance bandwidth of

the WECs, and has been successfully applied to tune the C4 devices for power capture over

the target interval ωα (Kurniawan and Zhang, 2018; Satymov et al., 2024; Todalshaug et al.,

2016).

Without loss of generality, the array is forced by an incident plane wave of amplitude A = 1m

from the left of the domain. Based on the corresponding wavelengths (λ ∈ [142, 429]m), the

steepness of the incident waves, ϵ, satisfies 0.0149 < ϵ < 0.042, where ϵ = kA≪ 1 is required

to operate in a linear regime (Ning and Ding, 2022).
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3.3 Solution method

3.3.1 Single cell problem

Unit cell n is defined as the subregion Ω(n) of length W = 2L + d, containing WEC n at its

centre. The unit cell itself is partitioned into three regions, with interfaces defined by the

left (x
(n)
L ) and right (x

(n)
R ) edges of WEC n (Figure 3.1). Without loss of generality, suppose

WEC n is centred at x = 0 so that the unit cell is defined on |x| ≤ W/2, with the left- and

right-hand edges of the WEC given by x
(n)
L = −L and x

(n)
R = L, respectively.

Separation of variables is used to solve for ϕ ≡ ϕ(n) on Ω(n) (using the code of Yiew et al.,

2016), which is expressed as an eigenfunction expansion in each region (Linton and McIver,

2001). Dynamic and kinematic boundary conditions (ensuring continuity of pressure and

horizontal velocity) are applied at interfaces between the regions (x = ±L) to determine

the unknown coefficients of the expansions (Linton and McIver, 2001), which leads to a

system of linear equations involving the amplitudes, denoted a±m in Region 1 and b±m in

Region 3 (m = 0, 1, . . .), as well as amplitudes in Region 2 that are not required for subsequent

analysis (see Appendix A.1). Truncating each of the eigenfunction expansions at m =M for

a sufficiently large M (M = 25 is used in computations presented, see Appendix A.2), the

wavefields on either side of WEC n are expressed as

ϕ(n)(x, z) ≈


M∑

m=0

(
a+meikm(x+L) + a−me−ikm(x+L)

) cosh(km(z + h))

cosh(kmh)
x < −L,

M∑
m=0

(
b+meikm(x−L) + b−me−ikm(x−L)

) cosh(km(z + h))

cosh(kmh)
x > L.

(3.16)

The wavenumbers km are roots k of the dispersion equation

gk tanh(kh) = ω2, (3.17)

where k0 is the positive, real root and km (m ≥ 1) are purely imaginary, in the upper half of the

complex plane and ordered in increasing magnitude. Thus, amplitudes with superscripts +/−
are related to wave modes that propagate (m = 0) or decay (m > 0) rightwards/leftwards.

The scattering properties of WEC n (the heaving buoy plus PTO, see Appendix A.1) are

defined by (M+1)×(M+1) reflection and transmission matrices, R(n) and T (n), respectively.

These map the incoming waves on WEC n (a+m and b−m) to the outgoing waves (a−m and b+m).

The relationships can be expressed in terms of a scattering matrix, S(n), such that[
a−

(n)

b+(n)

]
=

[
R(n) T (n)

T (n) R(n)

][
a+

(n)

b−(n)

]
, where S(n) ≡

[
R(n) T (n)

T (n) R(n)

]
(3.18)
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and the M + 1 column vectors

a±
(n) ≡


a±n,0
...

a±n,M

 and b±(n) ≡


b±n,0
...

b±n,M

 , (3.19a, b)

contain the amplitudes. In general, the PTO parameters differ between the WECs in the

array, so that each of the WECs has a different reflection and transmission matrix.

3.3.2 WEC array

Let the scattering matrix for WEC p to WEC q be

S(p,q) ≡

[
R−

(p,q) T−
(p,q)

T+
(p,q) R+

(p,q)

]
, (3.20)

which includes multiple scattering effects between the WECs. Its reflection and transmission

matrices are given by (Bennetts and Squire, 2009)

R−
(p,q) = R−

(p,q−1) + T+
(p,q−1)

[
I −R−

(q)R
+
(p,q−1)

]−1
R−

(q)T
−
(p,q−1), (3.21)

T−
(p,q) = T−

(p,q−1)

[
I −R−

(q)R
+
(p,q−1)

]−1
T−

(q), (3.22)

R+
(p,q) = R+

(q) + T−
(q)

[
I −R−

(q)R
+
(p,q−1)

]−1
R+

(p,q−1)T
+
(q), (3.23)

and T+
(p,q) = T+

(q)

[
I −R−

(q)R
+
(p,q−1)

]−1
T+

(p,q−1), (3.24)

where I is the (M + 1) × (M + 1) identity matrix. A recursive algorithm (Bennetts and

Squire, 2009) is used to calculate the reflection and transmission matrices, R±
(1,n) and T±

(1,n),

for n = 2, 3, . . . , N , and initialised with S(1,1) = S(1) (Equation (3.18)). Wave amplitudes

within the array (to the right of WEC n for n = 1, 2, . . . , N −1) are determined, based on the

incident wave amplitude, using a combination of the left-to-right and right-to-left scattering

matrices (Bennetts and Squire, 2009), such that

a+
(n+1) =

[
I −R+

(1,n−1)R
−
(N,n)

]−1 [
T+

(1,n−1)a
+

(1) +R+
(1,n−1)T

−
(N,n)b

−
(N)

]
, (3.25)

and b−(n) =
[
I −R−

(N,n)R
+
(1,n−1)

]−1 [
R−

(N,n)T
+
(1,n−1)a

+
(1) + T−

(N,n)b
−

(N)

]
. (3.26)

3.3.3 Wide-spacing approximation

The wide-spacing approximation is used, in which evanescent modes (m ≥ 1) are neglected

in inter-device interactions (Linton and McIver, 2001). Consequently, only the reflection
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(a) (b) (c)

Figure 3.2: The amplitudes of three non-absorbing WECs (ω0 = 0.44 rad s−1) in a uniform array
obtained using the wide-spacing approximation ( ) when kd ∈ [0.0372, 0.2024] and d/2L = 0.4,
compared with the amplitudes of (a) WEC 1, (b) WEC 2 and (c) WEC 3 obtained when including

evanescent modes ( ) in WEC-interaction calculations.

and transmission coefficients associated with propagating modes (m = 0) are retained in

scatterings relations (R and T are reduced to scalars in Equations (3.18)–(3.26)), i.e., it is

assumed that

ϕ(n) ∼
cosh(k0(z + h))

cosh(k0h)
×


a+(n)e

ik0
(
x−ΩL

(n)

)
+ a−(n)e

−ik0
(
x−ΩL

(n)

)
x→ ΩL

(n),

b+(n)e
ik0

(
x−ΩR

(n)

)
+ b−(n)e

−ik0
(
x−ΩR

(n)

)
x→ ΩR

(n),

(3.27)

where ΩL
(n) = (2n − 3)W/2 and ΩR

(n) = (2n − 1)W/2 specify the left- and right-hand edges

of Ω(n), respectively. Consequently, the far field (x → ±∞) can be obtained using the 2 × 2

global scattering matrix, as

ϕ ∼ cosh(k0(z + h))

cosh(k0h)
×

eik0x +Re−ik0x x→ −∞

T eik0x x→ ∞,
(3.28)

where R and T are the reflection and transmission coefficients for the array of heaving WECs,

which can be used to calculate the absorption of the array (Equation (3.11)). In the absence

of PTO damping, R and T satisfy the energy conservation identity |R|2 + |T |2 = 1.

Formally, the wide-spacing assumption requires kd ≫ 1 and d/2L ≫ 1 (Linton and McIver,

2001). For the problem considered, accurate solutions are obtained even when these conditions

are violated, as demonstrated using the WEC amplitudes,

ξn =
(
a+(n)e

ikd/2 + b−(n+1)e
ikd/2

)
ξh(n), (3.29)

in Figure 3.2, where a spacing of d = 4m is applied to a uniform array of three WECs,

tuned to resonate at ω ≈ 0.44 rad s−1 (Equation (3.13)). (Additional justification is pro-

vided in Appendix A.2. Note that ξn is retrieved by multiplying the heave amplitude of the

corresponding isolated WEC, ξh(n) (Appendix A.1), by the incident field which accounts for
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(a)

(b)

Figure 3.3: The modulus of the surface elevation |ζ| for a uniform array of five WECs (ω0 =
0.44 rad s−1) is shown on the (a) ω–x axis, with the corresponding WEC amplitudes overlaid on ω–z
axes. The local wavefield closely resembles the Bloch waves on the corresponding unit cell in (b) the
dispersion diagram, with the array supporting propagation in passbands and preventing transmission

in bandgaps.

interactions within the array.) This spacing is selected to separate resonances of individual

WECs from resonances driven by the spacing of WECs in the array (§§ 3.4–3.5).

3.4 Uniform arrays, Bloch waves and complex resonances

3.4.1 A uniform array of non-absorbing WECs

Figure 3.3a shows the surface elevation over a range of frequencies (broader than the target

power capture interval) for a uniform array of five non-absorbing (bPTO = 0), identically tuned

WECs (ω0 = 0.44 rad s−1 > ωlb, as described in § 3.3.3), with spacing d = 4m (W = 14m).

For frequencies below approximately ω = ω0, incident waves propagate through the array

(|ζ| ∈ [0.88, 1]m beyond WEC 5). Around the resonant frequency, ω = ω0, there is a series

of large resonant WEC responses (|ξn| up to 36m). The resonances mark the transition to

the array prohibiting wave propagation, up to approximately ω = 0.65 rad s−1 (|ζ| ≈ 0m

and |ξn| ≈ 0m beyond WEC 2). Between ω = 0.65 rad s−1 ≡ ωub and 0.82 rad s−1, there
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is an alternating pattern of narrow bands of moderately large (|ξn| up to 7.5m) and small

(near zero) responses of the array to the incident waves. The array then transitions back to

prohibiting wave propagation up to the highest frequency considered.

3.4.2 Bloch waves

The wavefield in a given cell can be decomposed into rightward and leftward Bloch wave

modes, ψ+
(n) and ψ

−
(n) (n = 1, 2, . . . , N), respectively. They are such that

ψ±
(n)(x, 0) =


v±(n) e

ik0
(
x−ΩL

(n)

)
+ v∓(n) e

−ik0
(
x−ΩL

(n)

)
, for x ≤ x

(n)
L

e±iβW

(
v±(n)e

ik0
(
x−ΩR

(n)

)
+ v∓(n)e

−ik0
(
x−ΩR

(n)

))
for x ≥ x

(n)
R .

(3.30)

The Bloch wavenumber, β(n), and amplitudes, v±(n), are calculated from the 2 × 2 transfer

matrix, P (n), which is defined such that (Porter and Porter, 2003)[
b+(n)

b−(n)

]
= P (n)

[
a+(n)

a−(n)

]
where P (n) =

1

T(n)

[
T 2
(n) −R2

(n) R(n)

−R(n) 1

]
. (3.31)

The transfer matrix is diagonalised as

P (n) =

v+(n) v−(n)

v−(n) v+(n)

[µ(n) 0

0 µ−1
(n)

]v+(n) v−(n)

v−(n) v+(n)

−1

, (3.32)

so that the Bloch wavenumber is calculated from the eigenvalue of the transfer matrix, β(n) =

−i ln(µ(n))/W , and the amplitudes are the entries of the eigenvectors. Note the symmetry of

the rightward and leftward Bloch waves, which is due to the symmetry of the unit cells.

The band structure of the unit cell is visualised by plotting the real parts of the Bloch

wavenumbers against frequency. For the uniform array, all unit cells are identical, and so

the band structure of any unit cell is representative of the array. Passbands are defined

by real-valued Bloch wavenumbers, and indicate frequency ranges over which Bloch waves

propagate across the unit cell. Bandgaps are defined by complex-valued Bloch wavenumbers

(Re(β(n)) = 0 or π), and indicate frequency intervals over which Bloch waves decay across the

unit cell.

For the uniform array and frequency range considered in § 3.4.1, there are two passbands and

two bandgaps (Figure 3.3b). The first passband corresponds to the low-frequency interval over

which the incident waves propagate through the array, plus the narrow interval of resonances

around ω0. The first bandgap is connected with the resonances of the individual WECs and

is often referred to as the local resonance bandgap. It starts just above the resonances of
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(a)

X

(b)

X

(c)

Figure 3.4: (a) The structure of transmission coefficient (T ∈ C) as a function of ω ∈ C for a uniform
array of five WECs with bPTO = 0, visualised by colour-coding the phase (arg(T )) to form a phase
portrait (Wegert, 2012), where the magnitude of the phase is represented by hue. Poles (WEC-
resonances; marked with an X) and zeros are identified by rapid phase changes and distinguished by
the ordering of colours in the anticlockwise direction (Wegert, 2012). A white • marks the location
where the complex zeros coalesce on Im(ω) = 0 at ω ≈ 0.45 rad s−1, resulting in (b) |T |2 = 0 and (c)
|R|2 = 1 for ω ∈ R+, and the first bandgap in Figure 3.3b. Resonances in the complex plane produce
a local maximum of |T |2 and a local minimum of |R|2 for ω ∈ R+. The real-valued WEC-resonance

is denoted ω0.

the individual WECs, and corresponds to the lowest-frequency interval over which there is no

propagation through the array, i.e., its upper bound is ≈ ωub. The second passband covers the

interval of alternating narrow bands of large and small responses. Over this interval, waves

propagate along the array but partially reflect at the ends of the array and constructively

or destructively interfere following rereflections. The second bandgap is connected with the

WEC spacing along the array and is referred to as the Bragg bandgap, as it is created by

Bragg resonance. It extends to the highest frequencies considered, and also corresponds to

an interval over which there is no propagation through the array.

3.4.3 Complex resonances

The modulus of the transmission coefficient squared for the array, |T |2, i.e., the proportion

of transmitted energy, also shows the band structure (Figure 3.4b). Almost full transmission

(|T |2 ≈ 1) occurs in the first passband at frequencies up to ω ≈ 0.3 rad s−1 ≡ ωlb. There

is a sequence of increasingly sharp, narrow peaks and troughs at the high-frequency end of

the first passband, just below the resonant frequency, ω = ω0. Transmission is zero in both
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bandgaps and oscillates in the second passband that separates the bandgaps. The modulus of

the reflection coefficient squared, |R|2, shows the band structure in a complementary manner,

i.e., near zero reflection or oscillations in the passbands and full reflection in the bandgaps,

due to the energy conservation identity (Equation (3.11)) for the non-absorbing array (α ≡ 0).

Transmission oscillations in the passbands are governed by the structure of the transmission

coefficient in the complex frequency plane (ω ∈ C; Figure 3.4a). Each peak in transmission

on the real frequency axis is associated with a pole in the transmission coefficient in the

lower half of the complex plane, which are known as complex resonances (De Chowdhury

et al., 2023; Meylan and Fitzgerald, 2018; Romero-Garćıa, Theocharis, Richoux and Pagneux,

2016). The closer the complex resonances are to the real frequency axis, the sharper the

transmission peaks on the real axis are. Each complex resonance corresponding to a peak in

the first passband is associated with a specific WEC in the array and labelled accordingly.

The association indicates that the location of the complex resonance is sensitive to variations

in the properties of the WEC (not shown), although all of complex resonances move to a

certain degree when the properties of any WEC in the array or the array spacing vary. The

resonance associated with WEC 5 is outside the axes limits.

The complex resonances associated with transmission peaks in the second passband are cre-

ated by wave interference along the array (they have no analogue in the single body problem).

Thus, their locations depend predominantly on the WEC spacing—for example, a larger spac-

ing would push them to lower frequencies. There are four overlapping zeros in transmission

on the real-frequency axis very close to the resonant frequency, ω = ω0, and at the point

where the Bloch wavenumber jumps between branches (shown by the discontinuity in Re(β),

Figure 3.3b).

3.5 Grading the resonant properties of WECs

3.5.1 Rainbow reflection

Consider the uniform array of five non-absorbing WECs (as in § 3.4) but in which the stiffness

coefficients are graded with distance along the array, so that the WEC-resonant frequencies

increase from right to left (from WEC 5 to WEC 1). The grading has the effect of frequency

upshifting the first bandgaps (in the unit cells, from right to left), as well as narrowing their

frequency ranges, as they are bounded above by the second (Bragg) bandgaps, which are

insensitive to the WEC-resonances (figures 3.5a–c). The grading is sufficiently gradual that

the first bandgaps for adjacent unit cells overlap (the resonant frequency for WEC n lies in

the bandgap associated with the WEC (n+1)). This creates a wide effective bandgap for the
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(a) (b) (c) (d)

Figure 3.5: (a)–(c) Band diagrams of the Bloch waves for an array with W = 14m (d = 4m and
L = 5m), for increasing cPTO values and bPTO = 0. Real-valued WEC-resonances ω0 ∈ R are marked
by a red x, where (a) ω0 = 0.31 rad s−1, (b) ω0 = 0.48 rad s−1, (c) ω0 = 0.72 rad s−1. Increasing cPTO

shifts the first bandgap (shaded green) to higher frequencies, and reduces the interval of the second
passband. The second bandgap (grey) is caused by Bragg resonance. Grading the WEC-resonances
in a finite array of five WECs (first, third and fifth WECs correspond to panels (c)–(a), respectively)

forms (d) an effective bandgap on ω ∈ [0.3, 0.8] rad s−1, where |R|2 ≈ 1 and |T |2 ≈ 0.

array that covers the target interval, i.e., array transmission is approximately zero (|T |2 ≈ 0

and |R|2 ≈ 1) for ω ∈ [0.3, 0.8] rad s−1 ⊃ ωα. The effective bandgap manifests as separation of

the complex zeros in the phase portrait of T (ω) along the real frequency axis over the target

frequency range (Figure 3.6a).

The WEC-resonances are graded from high-to-low from left-to-right to create the rainbow

reflection effect, such that incident waves at frequencies in the target range penetrate into

the array, with penetration distances that depend on the wave frequency. (Grading low-to-

high would prevent propagation into the array.) For a given ω ∈ ωα, an incident wave will

propagate into the graded array until reaching a cut-off point, which is approximately where

the local Bloch wave has zero group velocity, and occurs in the unit cell at which the frequency

lies in the corresponding bandgap. Put simply, the Bloch wave propagates until it reaches a

WEC with a comparable resonant frequency. The wave is amplified just before the cut-off

point due to the slow-down of wave energy transport, which creates a near-resonant (i.e.,

finite) response.

The near-resonances are connected with complex resonances in the reflection coefficient in

the lower-half complex frequency plane (black crosses in Figure 3.6b), which have real parts

approximately covering the target interval. The near full reflection over the real frequency

interval creates near symmetry in the real frequency axis of the reflection phase and reciprocity

of the modulus, so that complex zeros of reflection occur at approximately the complex

conjugates of the complex resonant frequencies (Figure 3.7a; Bennetts and Meylan, 2021).

(Note the symmetry is weakest for the WEC4 pole–zero pair, where full reflection is not
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(a)

(b)

Figure 3.6: Phase portraits of (a) T (ω) and (b) R(ω) are shown as a function of ω ∈ C for the graded
array in Figure 3.5. Complex WEC-resonances (X) can be identified from (a) or (b). White circles
(o) denote the complex zeros in R and T , and the corresponding |R(ω)|2 and |T (ω)|2 for ω ∈ R
are superimposed. Vertical dotted lines demarcate the effective bandgap induced by the grading
(Figure 3.5), and red xs correspond to the real-valued WEC-resonance of each WEC. The complex
resonances preceding the Bragg bandgap are marked by ♦ in (a), with the corresponding pole–zero

pairs in (b) not visible at the current scale.

achieved.) Manipulating the properties of the pole–zero pairs in complex frequency space

provides a novel means to analyse and control the array response based on the resonant

properties of individual WECs. The PTO stiffness is used to influence the locations of real

parts of the pole–zero pairs (Figure 3.7b). However, interactions between the phase structures

supported by the pole–zero pairs (i.e., their bandwidths) prevent full control. The location of

the pole–zero pair associated with WEC 1 is restricted towards high frequencies by pole–zero

pairs related to complex resonances in the second passband.

3.5.2 Rainbow absorption

In complex frequency space, adding PTO damping to WEC n moves the corresponding com-

plex zero of reflection towards the real axis and the pole away from it (Figure 3.7c). When

the pole–zero pairs are sufficiently separated, a value of the PTO damping can be found such

that the complex zero of reflection lies on the real frequency axis (Figure 3.7d). This approach

is used as a basis to create rainbow absorption, i.e., high absorption over a wide frequency

range, where the absorption peaks are spatially separated according to frequency.
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(a) (b) (c) (d)

Figure 3.7: Phase portrait of R(ω), when ω ∈ C, for a single WEC in a graded array (of five WECs).
When bPTO = 0, (a) the complex zero (white circle) is located above Im(ω) = 0, and the complex
WEC-resonance (X) below Im(ω) = 0. Increasing cPTO (b) moves the WEC-resonance to the right,
tuning the WEC to a higher frequency. Positive bPTO (c) moves the complex zero towards Im(ω) = 0.
Perfect absorption (d) is achieved when bPTO

∗ > 0 places the complex zero on Im(ω) = 0. Simultane-
ously, a near-zero minimum of |R|2 is obtained for ω ∈ R (overlaid).

The rainbow absorption approach involves adding the WECs to the array one at a time,

starting with the rightmost WEC (WEC 5 in this example) and moving leftwards, so that

the number of WECs in the array increases with each iteration. The rightmost WEC is used

only to create a zero in transmission close to the low-frequency end of the target frequency

interval, rather than as an absorbing device (Figure 3.8a; (Jiménez et al., 2017b)). As each

WEC is added to the array, its PTO stiffness is tuned to a chosen frequency (noting that

pole–zero pair interactions mean the chosen frequency is not arbitrary) and then its damping

is tuned to create a zero in reflection at a nearby (real) frequency. The tuning of the additional

WEC PTO tends to slightly frequency-downshift the existing pole–zero pairs and displace the

complex zeros from the real frequency axis. Thus, the PTOs of the existing WECs are simulta-

neously retuned increasingly far apart in the complex plane as the WEC-resonance frequency

and corresponding resonance bandwidth increase (Romero-Garćıa, Theocharis, Richoux and

Pagneux, 2016), which forces the reflection zeros to become spaced increasingly far apart.

The process is accomplished manually for WEC 4 down to WEC 2 (Figure 3.8b–d). How-

ever, it becomes increasingly challenging to separate the pole–zero pairs on the restricted

interval (bounded above by the complex resonances associated with the second passband).

The increasing distance between the pole–zero pair as frequency increases is responsible for

increasing bandwidths around the zeros and the need for increasing separation between the

zeros (e.g., Figure 3.8e). Only four near zeros of reflection (|R|2 ≈ 0) are found manually

after WEC 1 is added. This solution is used as an initial guess in an optimisation algorithm

(the sequential quadratic programming algorithm in the MATLAB function fmincon) with
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(f)

Figure 3.8: The transmission ( , blue) and reflection ( , red) of the array versus frequency as (a)
WEC 5, (b) WEC 4, (c) WEC 3, (d) WEC 2 and (e) WEC 1 are added to the array (from right to
left, with W = 14m) and tuned. The location of |R|2 ≈ 0 associated with each WEC is denoted ωn,
and corresponds to the location of complex zeros (white circles) of the absorbing WECs in the phase
portrait of R(ω) for ω ∈ C for the graded array shown in (f). The non-absorbing WEC 5 is denoted
ωlow. Complex WEC-resonances are denoted X and open circles denote the zeros when bPTO

(n) = 0

(n = 1, 2, . . . , N).

the objective

minimise

∫ ωub

ωlb

|R(ω)|2dω with respect to cPTO
(n) and bPTO

(n) (n = 1, 2, . . . , N), (3.33)

to obtain four zeros in reflection (Figure 3.8e).

The above approach yields reflection zeros at N − 1 = 4 real frequencies, which corresponds

to four complex zeros of reflection being translated to the real frequency axis by adding PTO

damping (Figure 3.8f). The reflected energy remains small between the zeros (|R|2 < 0.003),

such that near-perfect broadband absorption of the incident wave energy is almost achieved

over the target interval (α̂ = 0.984). A small amount of transmitted energy away from its

low-frequency zero prevents near-perfect absorption (
∫
|T (ω)|2dω = 0.014 on ωα).
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Table 3.1: PTO parameters and resulting WEC-resonance of each WEC in the graded array of five
WECs shown in Figure 3.8.

WEC n 1 2 3 4 5

ω
(n)
0 rad s−1 0.789 0.655 0.482 0.353 0.299

cPTO
(n) kNm−2 −10.403 −36.752 −64.684 −81.028 −86.475

bPTO
(n) kNm−2 s 29.582 50.276 40.221 24.137 0

α̂(n) on ωα 0.255 0.422 0.255 0.068 0

3.6 Near-perfect broadband absorption

Both |R|2 and |T |2 should be minimised simultaneously over the target frequency interval

(α̂ maximised) to achieve near-perfect, broadband power capture. Thus, optimisation is

performed with the objective to

minimise

∫ ωub

ωlb

{
|R(ω)|2 + |T (ω)|2

}
dω with respect to cPTO

(n) and bPTO
(n) (3.34)

for n = 1, . . . , N . The aim is to use the theory for rainbow absorption (§§ 3.4–3.5) to determine

an initialisation strategy and constraints on the optimisation parameters that gives an efficient

automated algorithm for near-perfect absorption.

3.6.1 Generic algorithm

To cover the target power capture interval, ωα = [ωlb, ωub], the stiffness coefficients of the

first and last WECs in the array (cPTO
(1) and cPTO

(N) , respectively) are initialised so that the

corresponding resonances (ω
(1)
0 and ω

(N)
0 ) coincide with the upper and lower bounds of the

target interval (ωub and ωlb). The WEC N resonance induces a zero in transmission at a

frequency just above the lower bound (ωlb, as in Figure 3.8a), and the stiffness coefficient of

the penultimate WEC (cPTO
(N−1)) is initialised to place its resonance (ω

(N−1)
0 ) at the frequency

of the transmission zero. The remaining stiffness coefficients are initialised to space the

resonances of WEC 2 to WEC (N − 2) evenly between ω
(N−1)
0 and ω

(1)
0 , such that

ω
(N)
0 < ω

(N−1)
0 < . . . < ω

(1)
0 . (3.35)

The damping coefficients bPTO
(1) , bPTO

(2) , . . . , bPTO
(N−1) are initialised at the optimal values for

the corresponding WECs in isolation (Equation (3.13)). The final WEC is non-absorbing

(bPTO
(N) = 0).
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Table 3.2: Optimised PTO parameters for broadband absorption by the (generic) graded array of five
WECs in Figure 3.9b.

WEC n 1 2 3 4 5

ω
(n)
0 rad s−1 0.722 0.563 0.433 0.340 0.310

cPTO
(n) kNm−2 −24.133 −52.264 −71.392 −82.453 −85.470

bPTO
(n) kNm−2 s 39.046 39.393 28.008 14.390 0

α̂(n) on ωα 0.443 0.372 0.154 0.030 0

To account for the leftward movement of WEC-resonances due to damping and WEC inter-

actions on the restricted interval, the stiffness coefficients cPTO
(n) (n = 2, 3, . . . , (N − 1)) are

bounded below by their initial values and above by the initial value of the preceding WEC in

the array (i.e., the initial value of cPTO
(n−1)). The upper bound for the stiffness coefficient of the

first WEC (cPTO
(1) ) is above the target interval and not an initial value. For arrays of N < 7

WECs, the upper bound is set to constrain cPTO
(1) to a frequency interval length comparable to

the constraints on cPTO
(2) , provided ω

(1)
0 < 0.79 rad s−1 (i.e., the pole–zero pair remains on ωα).

When N ≥ 7, the upper bound corresponds to ω
(1)
0 = 0.72 rad s−1, which is approximately the

minimum WEC-resonance required to maintain a bandgap at ωub (depending on pole–zero

pair interactions). The damping coefficients bPTO
(n) (n = 1, 2, . . . , (N − 1)) are constrained be-

low such that they do not become negative (i.e., do not add energy to the system) and above

such that they do not exceed twice the initial value, which does not limit the optimisation in

practice (in tests conducted).

The generic algorithm creates near-perfect broadband absorption from an array of five WECs

(α̂ = 0.990), which slightly improves on the absorption given by the graded array of five

WECs with zeros in reflection (α̂ = 0.984; § 3.5.2). In comparison with the array with zeros

in reflection (Table 3.1), the WEC-resonances are graded more gradually, over a narrower

frequency range (Table 3.2). This slightly increases the absorption over the majority of

the target power capture interval (Figure 3.9a). In complex-frequency space, the zeros in

reflection are slightly displaced from the real frequency axis (Figure 3.9b) to balance reduced

transmission. However, the absorption is lower than the array with zeros in reflection towards

the ends of the target frequency interval, particularly at the high frequency end, which is

influenced by the complex zeros corresponding to the second passband.

The grading of WEC-resonances partially controls the lower bound of the second passband.

By grading the array more gradually to reduce transmission, this lower bound is downshifted,

causing reflection and transmission to rise near ωub which decreases absorption. Increasing

the number of WECs (e.g., to N = 10) improves the absorption at the high-frequency end

of the target interval (and more generally across the interval, Figure 3.9a), by facilitating a
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(a)

(b)

Figure 3.9: The absorption of the optimised, graded array ( ) of five WECs is shown in (a) with the
corresponding phase portrait of R(ω) for ω ∈ C in (b). The absorption of the array in Figure 3.8f
is overlaid ( ) in (a), with the associated complex zeros in reflection marked by white os in (b).
Absorption improves over the majority of ωα as a result of a more gradual grading in the generic
solution (reduces |T |2), which is facilitated by increasing the number of WECs to N = 10 in (a), using

the array of N = 10 WECs in Figure 3.10b.

gradual grading across the entire target interval, which simultaneously reduces the width of

the second passband, and the transmission over ωα.

The generic algorithm becomes prohibitively expensive as the number of WECs increases.

For N = 6, the algorithm takes 8 h on an Intel(R) Xeon(R) CPU E5-2699 v3 @ 2.30GHz

with 251GB RAM. Moreover, MATLAB exceeds the default tolerated number of function

evaluations for N ≥ 7. Consequently, an approach was developed for N ≥ 7, in which

approximate solutions were obtained using a coarse frequency resolution (ω = 0.01257 rad s−1)

after the tolerated number of function evaluations, and then used as initial guesses in a second

application of the algorithm with a higher frequency resolution (ω = 0.006283 rad s−1). In

the second application, the stiffness coefficient constraints are updated to be bounded below

by the initial guess, and above by the preceding WEC resonance. Here WEC 1 is constrained

such that ω
(1)
0 ∈ [0.72, 0.78] rad s−1. The array of N = 10 WECs required three applications

of the algorithm.
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(a)

(b)

(c)

Figure 3.10: The average absorption on ωα (a) increases with the number of WECs in both algorithms.
Constraining the PTO parameters based on problem knowledge in the hybrid algorithm reduces run
time and produces almost identical absorption ( ) to the generic algorithm ( ). However, the array
properties differ, as demonstrated for an array of 10 WECs using the phase portraits of R(ω) for ω ∈ C
corresponding to the solution of the generic (b), and hybrid (c) algorithms, respectively. pole–zero
pairs are more separated in (c) allowing for more near-zeros in reflection to be obtained compared
with (b). In both algorithms, the pole–zero pair of an absorbing WEC is pushed beyond axes limits

(WEC 10 lies below the axes limits).

3.6.2 Hybrid algorithm

The generic algorithm is adapted into a hybrid algorithm that incorporates more knowledge

gained from the analysis of the graded array (§ 3.5.2) to accelerate the optimisation process.

To cater for the leftward shift of the WEC-resonances and ensure absorption at ωub, WEC 1

is initialised and constrained such that its real-valued resonance lies above the power capture

interval, with cPTO
(1) constrained around ω ≈ 0.75 rad s−1. Similarly, cPTO

(N−1) is constrained to

a narrow interval above ωlb, around ω ≈ 0.33 rad s−1. Further, the initial damping constants

for the first and second last WECs in the array (WEC 1 and WEC (N − 1)) are set lower
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Figure 3.11: Releasing surge and pitch ( ) in the optimal generic solution ( ) for the array of N = 5
WECs in Table 3.2 reduces the average absorption by 0.0017 (α̂ = 0.988). Re-optimising the solution
to account for the uncontrolled surge and pitch motions ( ) over the target interval results in an

average absorption of α̂ = 0.990.

than optimal values for the WECs in isolation to provide greater control over the location of

pole–zero pairs of reflection and transmission in complex frequency space, i.e., consistent with

observations in Table 3.1. The stiffness and damping coefficients, cPTO
(n) (n = 2, . . . , (N − 2))

and bPTO
(n) (n = 1, 2, . . . , N), respectively, are constrained analogously to the generic algorithm,

with the exception of the upper bound for WEC 2, which is constrained above by the lower

constraint bound of WEC 1.

The hybrid algorithm gives almost identical broadband absorption to the generic algorithm

for N ≥ 5 (Figure 3.10a). It does so at approximately half the runtime of the generic

algorithm when N = 6. The algorithm was reapplied (as in § 3.6.1) for N = 10, with the

constraints held fixed. The differences between the algorithms are manifest in the structure

of the reflection coefficient in complex frequency space, for which the generic algorithm stacks

the pole–zero pairs at low frequencies (Figure 3.10b), whereas the hybrid algorithm keeps

them separated (Figure 3.10c). The increased separation allows for greater control over the

location of pole–zero pairs, as evidenced by additional near-zeros in reflection in the hybrid

solution. A pole–zero pair associated with an absorbing WEC is pushed beyond the axes

limits in both algorithms as a result of interactions on the restricted interval.

3.6.3 Multiple degrees of freedom

Allowing the buoys to surge and pitch (as non-absorbing degrees of freedom), as well as heave

(the absorbing degree of freedom), has little impact on the near-perfect, broadband absorption

achieved by the optimised arrays. For example, the average absorption of the array of five

WECs produced by the generic algorithm (Table 3.2) decreases only from α̂ = 0.990 to

α̂ = 0.988 when the surge and pitch motions are released (Figure 3.11). Re-optimising the

PTO parameters for heave motion for the problem including surge and pitch (starting from

the optimised solution for heave only) brings the average absorption back to α̂ = 0.990. The
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Table 3.3: Optimised PTO parameters for the graded array of five WECs in Figure 3.11 when surge
and pitch are released as uncontrolled degrees of freedom.

WEC n 1 2 3 4 5

ω
(n)
0 rad s−1 0.741 0.558 0.423 0.331 0.308

cPTO
(n) kNm−2 −20.111 −52.870 −72.269 −82.928 −85.160

bPTO
(n) kNm−2 s 44.060 39.540 26.762 13.407 0

α̂(n) on ωα 0.469 0.361 0.143 0.026 0

optimal PTO parameters for the multiple-degrees-of-freedom case (Table 3.3) differ from the

single-degree-of-freedom case (Table 3.2) by only 5%, on average. Small differences for the

absorption versus frequency are visible for the two optimised arrays (Figure 3.11).

3.6.4 Ocean wave spectra

The JONSWAP (JOint North Sea WAve Project (Hasselmann et al., 1973)) spectrum is

commonly used to model realistic (irregular, random) sea states (Chakrabarti, 2005). The

JONSWAP spectrum is defined by the spectral density function

S(ω) =
0.0081g2

ω5
e−1.25(ωp/ω)4γr where r = e−(ω−ωp)2/2σ2ω2

p (3.36)

and the spectral width is

σ =

0.007 ω < ωp,

0.009 ω ≥ ωp.
(3.37)

The peak enhancement factor γ characterises the sharpness of the spectrum around the peak

frequency ωp = 2π/Tp (peak period Tp, with maximum energy in the spectrum). Smaller

values are indicative of broader banded sea states, with γ ≤ 2.4 generally suited to coastal

regions (Mazzaretto et al., 2022).

Let the JONSWAP spectrum be approximated by a finite sum of monochromatic waves (Cruz,

2008), at frequencies ω0 = 0.22 rad s−1, ω1 = ω0+∆ω, . . . , ω200 = ω0+200∆ω = 1.26 rad s−1

(∆ω = 0.0052), then the corresponding absorption of the spectrum is defined as

αs(ωi) =

200∑
i=0

α(ωi)|A(ωi)|2 where A(ωi) =
√

2S(ωi)∆ω. (3.38)

The proportion of the spectrum absorbed is

α̂s =

∫
αs(ω) dω∫
|A(ω)|2 dω

. (3.39)
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(a)

(b)

Figure 3.12: The absorption of spectra (γ = 3.3) with peak periods located in ωα is shown in (a)
for the graded array of five WECs in Table 3.2. The proportion of spectra captured by the array is
shown as a function of peak period in (b) for a constant significant wave height of 1m. Absorption
decreases as the peak period shifts farther from the targeted interval and the energy of the spectrum
is located outside the designed frequency range of the array. On average, α̂s > 0.85 ( ) on ωα for

both γ = 1.54 and γ = 3.3.

The optimised array of five WECs (generic algorithm, Table 3.2) captures α̂s = 0.95 of the

incident energy in a JONSWAP spectrum with a narrow-banded sea state (γ = 3.3) and

a peak period Tp = 17 s, as the spectral peak lies within the target power capture interval

(Figure 3.12a). The array still captures over α̂s > 0.75 of the incident energy when the spectral

peak is moved close to the upper boundary of the target interval (Tp = 10 s, Figure 3.12a).

The array captures over 85% of the incident energy for peak periods of approximately 11–

20 s. For a broader sea state (γ = 1.54) this Tp-interval is shifted to 12–21 s, and the peak

absorption is reduced slightly to α̂s = 0.936 at Tp = 17 s.

3.7 Absorption of Bloch modes in time domain

An incident wave packet of unit amplitude in the time domain is specified via the Fourier

transform of its ocean surface displacement, η(x, t). The Fourier transform maps between the

time and frequency domains and is expressed in terms of wavenumber, k(ω), as

F {η(x, 0)} ≡ f̂(k) =
1

σ
√
2π

e−(k−k0)2/2σ2
, (3.40)
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where k0 is the prescribed central wavenumber and σ is the prescribed packet width (in

wavenumber space). The response of the WECs and the free surface elevation are calculated

from the frequency domain solutions, as, respectively,

Ξn(t) = Re

{
1

π

∫ ∞

0
f̂(k) ξn(k) e

−iω(k)tdk

}
for n = 1, 2, . . . , N, (3.41)

and

η(x, t) = Re

{
1

π

∫ ∞

0
f̂(k) ζ(x : k) e−iω(k)tdk

}
, (3.42)

where the dependencies of frequency domain quantities on wavenumber are made explicit.

In the frequency domain, the wavefield in each unit cell is decomposed into the rightward and

leftward Bloch modes, by writing

ϕ(n)(x, z : k) ≈ w+
(n)(k)ψ

+
(n)(x, z : k) + w−

(n)(k)ψ
−
(n)(x, z : k) for n = 1, . . . , N, (3.43)

where the weights w±
(n) (n = 1, . . . , N) are calculated as

w+
(n)

w−
(n)

 =

v+(n) v−(n)

v−(n) v+(n)

−1 a+(n)
a−(n)

 . (3.44)

Similarly, the free surface elevation and heave amplitudes are decomposed as

ζ(x : k) = w+
(n)(k)ψ

+
(n)(x, 0 : k) + w−

(n)(k)ψ
−
(n)(x, 0 : k) for ΩL

(1) ≤ x ≤ ΩR
(N), (3.45)

and

ξn(k) = w+
(n)(k) γ

+
(n)(k) + w−

(n)(k) γ
−
(n)(k) for n = 1, . . . , N, (3.46)

where

γ±(n) =

(
v±(n)e

ik0
(
x−ΩL

(n)

)
+ e±iβW v∓(n)e

−ik0
(
x−ΩR

(n)

))
ξh(n). (3.47)

Equivalent decompositions of the surface elevation and heave displacements are made in the

time domain, with

η(x, t) = Ψ+
n (x, t) + Ψ−

n (x, t) for ΩL
(n) ≤ x ≤ ΩR

(n), (3.48)

and Ξn(t) = Ξ+
n (t) + Ξ−

n (t), (3.49)
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where

Ψ±
n (x, t) = Re

{
1

π

∫ ∞

0
f̂(k)w±

(n)(k)ψ
±
(n)(x, 0 : k) e−iω(k)tdk

}
(3.50)

and Ξ±
n (t) = Re

{
1

π

∫ ∞

0
f̂(k)w±

(n)(k) γ
±
(n) e

−iω(k)tdk

}
(3.51)

for n = 1, 2, . . . , N . Note that the rightward and leftward Bloch modes are not continuous at

the interfaces between the unit cells (only their sum is continuous).

As an example, consider the case of the optimised array of N = 5 WECs (Table 3.2), which

gives near-perfect broadband absorption over the target interval (α̂ = 0.990). The spatio-

temporal responses to two separate incident wave packets are shown, where the packets are

centred around a wavenumber at the resonant frequency of WEC 2 (k0 = 0.03441, Figure 3.13)

and WEC 4 (k0 = 0.01703, Figure 3.14). Both have a packet width of σ = 0.002673 m−1,

so that the packet centred at WEC 2 covers the resonant frequencies of WECs 1–3, and the

packet centred at WEC 4 covers WECs 2–5. The total responses are shown (figures 3.13a,b

and 3.14a,b), as well as their decompositions into rightward and leftward Bloch mode (fig-

ures 3.13c,d and 3.14c,d, and figures 3.13e,f and 3.14e,f, respectively). The responses are

shown for the non-absorbing array (bPTO
(n) = 0 for n = 1, 2, . . . , 5, figures 3.13a,c,e and

3.14a,c,e), as well as the absorbing array (figures 3.13b,d,f and 3.14b,d,f). (The artificial peri-

odicity introduced via the discrete implementation of the Fourier transform is ≈ 40minutes,

which is much greater than the ≈ 3minute duration of the responses shown.)

For the non-absorbing array, the incident wave packets gradually reduce in amplitude as they

propagate through the array due to a series of partial reflections by the WECs (figures 3.13a

and 3.14a). There is a more abrupt cut-off after the WECs corresponding to the central

wavenumbers of the incident packets (WEC 2 in Figure 3.13a and WEC 4 in Figure 3.14a),

such that the amplitudes reduce to ≈ 20% of their incident values. The overall reflection is

indicated by the durations of the wave signals decreasing with distance into the array (up

to the cut-offs). The incident and reflected packets are isolated from one another by the

decomposition into Bloch modes, such that the incident wave packets propagate through the

array in the form of rightward Bloch modes (figures 3.13c and 3.14c) and are reflected back

out of the array in the form of leftward Bloch modes (figures 3.13e and 3.14e).

The incident wave packets propagate similar distances into the absorbing arrays (figures 3.13b

and 3.14b), as their non-absorbing counterparts. However, there is almost no reflected wave

packet generated, as indicated by similar durations of the wave signal along the array (up to

the cut-offs), and the near-resonant WEC responses are reduced by 30–40% compared with

the non-absorbing arrays. Thus, absorption is the cause of reductions in the amplitude of the

incident packet. The decomposition into Bloch modes gives further evidence of the absence
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(a) Ψ+(x, t) + Ψ−(x, t) (b) Ψ+(x, t) + Ψ−(x, t)

(c) Ψ+(x, t) (d) Ψ+(x, t)

(e) Ψ−(x, t) (f) Ψ−(x, t)

Figure 3.13: The spatio-temporal behaviour of the non-absorbing (column one) and absorbing arrays
(column two), are shown in (a) and (b), respectively, when forced by a wave packet centred at k0 =
0.03441. The total wavefields are decomposed into rightward Bloch modes in (c) and (d), and leftward
Bloch modes in (e) and (f), respectively. The WEC displacements are overlaid on z–t axes at the x-
location of WECs in the x–t domain. In the non-absorbing array, the rightward Bloch mode cuts
off at WEC 2 (c). The leftward mode (e) then drives almost total reflection of frequencies above
the cut-off. In the absorbing array, the total wavefield (b) and WEC displacements are dominated
by the rightward Bloch mode (d), with little excitement of the leftward Bloch mode (f) through the

absorption of incident energy.
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(a) Ψ+(x, t) + Ψ−(x, t) (b) Ψ+(x, t) + Ψ−(x, t)

(c) Ψ+(x, t) (d) Ψ+(x, t)

(e) Ψ−(x, t) (f) Ψ−(x, t)

Figure 3.14: The spatio-temporal behaviour of the non-absorbing (column one) and absorbing arrays
(column two) when forced by a wave packet centred at k0 = 0.01703. The total wavefields are
decomposed into rightward Bloch modes in (c) and (d), and leftward Bloch modes in (e) and (f),
respectively. The WEC displacements are overlaid on z–t axes at the x-location of WECs in the x–t
domain. The total wavefield (a) is dominated by the rightward Bloch mode (c) in the non-absorbing
array before the cut off at WEC 4 is reached. The leftward mode (e) drives high reflection above the
cut-off. With PTO damping, the total wavefield (b) and WEC displacements in the absorbing array
are governed predominantly by the rightward Bloch mode (d), with little excitement of the leftward

Bloch mode (f), and thus, near-zero reflection.
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of reflection and dominance of absorption, with the rightward Bloch modes indistinguishable

from the total wavefields (figures 3.13d and 3.14d) and virtually no leftward Bloch modes

excited (figures 3.13f and 3.14f).

3.8 Conclusions and discussion

Arrays of heaving point-absorber WECs have been designed to achieve near-perfect, broad-

band wave energy absorption, using 2D linear potential-flow theory. The WECs consisted of

floating buoys plus spring–damper PTOs, and used parameters inspired by CorPower Ocean’s

C4 device. Broadband absorption was demonstrated in both the frequency and time domains

over a typical frequency interval for power capture (equivalent to a wave period interval ≈ 10–

20 s) using time-independent PTO parameters. In particular, an array of only five heaving

buoy type WECs was shown to capture 99% of the incident wave energy over the target inter-

val. The array performance was analysed for irregular sea states, and near-perfect broadband

absorption was also demonstrated when surge and pitch motions were released.

The approach to designing near-perfect broadband absorption was based on theories for

graded arrays. From an underlying uniform array of non-absorbing WECs, the rainbow re-

flection effect was generated by grading the PTO stiffness coefficients to prohibit transmission

of wave frequency bands at spatially controlled locations within the array, thus producing a

wide effective bandgap over the targeted frequency range. The approach to this first stage

was based on decomposing the local wavefields into Bloch wave modes, and requires the

WEC-resonances to decrease in the direction of the incident wave. Rainbow absorption was

then created by adding PTO damping to capture the reflected energy by manipulating the

associated complex zeros over the targeted interval. This second stage used analysis of the

reflection coefficient in complex-frequency space, and control of the pole–zero pair locations

(via the PTO parameters) for zero reflection at discrete frequencies. A rainbow absorbing

array of five WECs was presented, which gave high broadband absorption (> 98% over the

target frequency interval), although near-perfect absorption was prohibited by small amounts

of transmission. The rainbow absorbing theory was used to inform algorithms that minimise

the sum of the reflected and transmitted energies to generate near-perfect broadband ab-

sorption. An algorithm in which the initialisation incorporates knowledge about the manual

process to move complex zeros to the real-frequency axis was found to create a far more

efficient optimisation algorithm.

The high-frequency end of the target power capture interval is the most difficult to control as

the cluster of pole–zero pairs close to the real frequency axis just above the target frequency

interval (related to the second passband) force spikes in transmission and reflection, hence,
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lowering absorption. Near-perfect absorption at the high-frequency end of the target power

capture requires tuning a sufficient number of WECs to high frequencies, although this in-

creases the difficulty of separating the complex zeros close to the real frequency axis without

them interfering with one another. pole–zero pairs had to be forced towards the upper bound

by adjusting the constraints and initialisations in the optimisation algorithms. This issue does

not seem to have been encountered in previous designs of rainbow absorbing arrays (Jiménez

et al., 2017b; Wilks et al., 2022), due to near total reflection above the target intervals, and

more weakly coupled systems (Romero-Garćıa, Theocharis, Richoux and Pagneux, 2016).

The distance between WECs (i.e., the widths of the unit cells) can be used to control the

separation of the pole–zero pairs corresponding to the first and second passbands, such that

shorter WEC spacing gives greater separation. A spacing similar to the WEC dimensions

(d/L = 0.8) was chosen to give a reasonable separation between the passbands/pole–zero

pairs. A shorter spacing is unlikely to be feasible in applications. From a different perspective,

using a longer WEC separation would have the benefit of compressing the second passband

and bringing the second bandgap (due to Bragg resonance) to lower frequencies, such that it

could be used to extend the target power capture interval to higher frequencies. Thus, the

target interval would be covered by the first bandgap (due to local/WEC resonances) and

the second bandgap (due to Bragg resonance). The combined bandgap (in the non-absorbing

case) is similar to the super bandgap idea being developed in vibroacoustic systems (Cleante

et al., 2022; Guo et al., 2020). However, the second bandgap/pole–zero pairs will occupy the

target interval and cause absorption to drop over a frequency interval, such that near-perfect

absorption would be more challenging to achieve.

The broadband extraction of wave energy demonstrated by WEC-arrays in this study could

help protect coastlines against extreme events (e.g. Ozkan et al., 2022), by countering erosion

at vulnerable coastlines as a by-product of power capture (Abanades et al., 2018), or in the

design of WEC-arrays for coastal protection (e.g. Cui et al., 2024). In this guise, graded

WEC-arrays would provide a broadband extension for coastal protection to the proposed

uniform arrays of non-absorbing resonators that reflect (Dupont et al., 2017) or attenuate

(Zhang et al., 2024) low-frequency bands of damaging wavelengths, or utilise local and Bragg

resonant effects for attenuation over wider frequency ranges (Lorenzo et al., 2023).

The design for broadband absorption can be extended to different modes of motion, devices

and operating principles, including multi-resonant devices which, as individual devices, are

efficient over a relatively broad frequency range for fixed PTO parameters (e.g., Crowley

et al., 2013; Evans and Porter, 2012), and oscillating wave surge converters which can achieve

high capture factors (e.g., Huang and Porter, 2024; Noad and Porter, 2015; Renzi and Dias,

2012). In some instances, grading geometry may be more appropriate, as in Wilks et al.
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(2022), which can be applied to oscillating water columns with multiple chambers (e.g., Zhao

et al., 2023), or by altering flap length in arrays of oscillating wave surge converters (Noad

and Porter, 2015).

The computational efficiency gained by using a 2D model facilitated the in-depth analysis of,

in particular, complex-frequency space and the optimisation algorithms. However, the key

components of the proposed approach to design highly efficient broadband arrays of WECs,

namely Bloch waves and complex resonances, also exist in 3D models. Therefore, we envisage

3D models of WECs (e.g., Tokić and Yue, 2019, 2023), arranged into rows (otherwise known as

gratings with associated Bloch waves (Bennetts and Squire, 2009; Peter and Meylan, 2010)),

graded such that they produce rainbow reflection (similar to Bennetts et al. (2019)), and with

PTOs tuned to achieve rainbow absorption.

Future research directions include incorporating factors such as physical constraints on the

WEC operation and motion to develop practical designs for WEC-arrays (Bacelli and Ring-

wood, 2013; Wang et al., 2015), and non-linearities particularly relevant to more accurately

modelling heaving buoys under operational conditions, for example, through viscous drag

and non-linear Froude–Krylov forces in partially non-linear models (Giorgi and Ringwood,

2017; Penalba, Giorgi and Ringwood, 2017), or weakly non-linear approaches (e.g., Michele

et al., 2018). Based on experimental results relating to band structures (Dupont et al., 2017;

Lorenzo et al., 2023) and rainbow trapping (Archer et al., 2020) in arrays of non-absorbing

resonators, it is likely that the demonstrated rainbow absorption will be robust to non-linear

phenomena, but that the efficiency will be reduced.

In conclusion, we have shown that a handful of heaving point-absorber WECs can achieve

near-perfect, broadband absorption, by grading their resonant properties using time-independent

PTO parameters. The novel approach for tuning arrays of heaving buoys revolved around

manipulating band structures local to each WEC in the array and taking an analytic continu-

ation of the problem into complex-frequency space to connect the near-resonances generated

as part of the rainbow reflection phenomenon to pole–zero pairs of the reflection coefficient.

Near-perfect, broadband absorption was generated by choosing the PTO damping to move

the complex zeros in reflection to the real frequency axis.
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Chapter 4
Broadband absorption of ocean wave

energy using a graded array of heaving

cylinders in 3D

Abstract

The competitive generation of renewable power from ocean waves at a commercial scale will

require arrays of wave energy converters (WECs) to be designed for efficient power capture

over broad frequency bands. An array design is developed by arranging heaving buoy type

WECs into stacks (periodic rows of infinitely many, identical WECs), and spatially grading

the resonant properties of WECs in successive stacks via linear spring–damper power take-off

mechanisms (PTOs). Applying linear potential-flow theory, analyses based on Bloch waves

and pole–zero pairs in complex frequency space are used to inform the array layout and choice

of PTO parameters, based on theories for rainbow reflection and rainbow absorption. The

spacing within an array alters the resonant properties of stacks, the behaviour of higher-order

passbands, and the associated pole–zero pairs, which has implications for the efficiency of an

array. The theories are used to grade arrays (manually) for efficient, broadband absorption

over a broad target frequency range, and an average absorption exceeding 90% is achieved

over a wide range of wave directions. The strategies are applied to finite arrays, which demon-

strate broadband absorption in directionally spread, irregular sea states, and are shown to

outperform the absorption of uniform arrays across a wide range of peak periods.

4.1 Introduction

The renewable power of ocean waves is characterised by high energy density and availability,

in proximity to almost half of the global population (Coe et al., 2021). Wave energy converters

(WECs) are designed to harness this power, but are yet to reach commercial viability, despite

the development of many different concepts (Guo and Ringwood, 2021). Heaving buoys are a

popular type of WEC that convert power at maximum efficiency when tuned to resonate via

an attached power take-off mechanism (PTO) for optimum wave interference (Falnes, 2005).

However, like many other WECs, heaving buoys have a relatively narrow resonance bandwidth

compared to ocean waves (Pecher and Kofoed, 2017), where wave periods between 5 and 20 s

67
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are feasible for power capture (Coe et al., 2021), and will require strategies to remain efficient

across operational conditions in order to become cost-effective.

WECs will need to be deployed in arrays that operate at high efficiency to reach economic

viability through reducing the cost of power generated per ocean area, and the installation,

operations and maintenance cost per WEC (Ning and Ding, 2022; Ringwood et al., 2023). The

power captured by arrays is increased by optimising the WEC geometry (e.g., Edwards and

Yue, 2022), layout (Göteman et al., 2020), or PTOs (Blanco et al., 2025; Sheng and Lewis,

2016), preferably in combination (e.g., Wilks et al., 2025) for a given sea state. However,

given the inherent irregularity and variability of wave climates (Ning and Ding, 2022), and

the sensitivity of arrays to directionality (Gallutia et al., 2022), it is likely that control strate-

gies will be necessary to achieve the high efficiency over broad frequency bands (broadband

absorption) required for cost-effectiveness (Coe et al., 2021; Pecher and Kofoed, 2017).

Developing control strategies to adjust the PTO parameters according to predicted sea states

is an active research topic, with most models based on linear theory (Ringwood et al., 2023).

The interdependence between the hydrodynamic interactions, array layout and control strat-

egy makes dynamic control highly complex (Ringwood, 2025), which further requires sophisti-

cated PTOs (Ning and Ding, 2022), accurate wave prediction, is sensitive to model errors, and

increases overall cost (Pecher and Kofoed, 2017). Consequently, designing arrays to maintain

high efficiency without requiring repeated adjustments based on short-term forecasting, is an

appealing, and economic, prospect (Korde and Ringwood, 2016; Pecher and Kofoed, 2017).

Broadband capture of ocean wave energy has recently been demonstrated in 2D models gov-

erned by linear theory, by grading the resonant properties of WEC-arrays for rainbow ab-

sorption (Westcott et al., 2024; Wilks et al., 2022). The WEC resonances are graded to

prevent the transmission of targeted wave frequencies by manipulating the underlying local

band structures to create a rainbow reflecting array (Westcott et al., 2024; Wilks et al., 2022).

The grading generates a frequency dependent series of near-resonant responses as the incident

wave energy is selectively slowed according to frequency, and accumulates at locations in the

array associated with cut-off points, which are defined by the local periodicity, and spatially

controlled through the WEC resonances (Bennetts et al., 2018). The localised amplifications

are captured via the PTO damping, which is chosen to minimise the amplitude of reflected

waves for rainbow absorption (Westcott et al., 2024; Wilks et al., 2022).

The geometrically graded, surrounding structure of rigid vertical barriers devised by Wilks

et al. (2022) aids the prevention of transmission (leading to 98.2% absorption of 4–8 s waves),

and could be realised by integrating oscillating water columns into breakwaters (e.g., Hu et al.,

2025; Zhao et al., 2023) for combined power capture and coastal protection. In contrast, arrays

of heaving buoys prevent transmission by creating a series of overlapping, local bandgaps
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through destructive interactions, which are generated by the graded resonances and controlled

via PTO spring terms (Westcott et al., 2024). The spatially controlled amplifications are then

captured for 99% absorption of 10–20 s waves (Westcott et al., 2024).

In this study, we extend the approach outlined by Westcott et al. (2024) to an array of

heaving buoys in a 3D water domain, by arranging the WECs to form diffraction gratings,

or stacks (Figure 4.1). The periodic distribution of WECs in each stack creates constructive

interference in a finite number of directions which depend on the incident angle, frequency, and

periodicity, so that the scattering properties of a stack can be described in terms of a discrete

directional spectrum (Falnes and Budal, 1982; Peter and Meylan, 2010). The periodicity is

chosen to be small relative to targeted wavelengths of practical interest (angular frequencies

0.3–0.65 rad s−1 or wave periods ≈ 10–20 s) to facilitate effective manipulation of reflected and

transmitted propagating modes, analogously to a 2D model.

We demonstrate efficient broadband absorption (≥ 94%) over the targeted frequency range by

grading the resonant frequencies of successive stacks via the attached linear spring–damper

PTOs, with time-independent parameters. The grading produces a wide-angle local bandgap,

analogous to 2D graded arrays of resonators in acoustics (Bennetts et al., 2019), so that

absorption is robust to the wave direction. The strategies transfer effectively to finite arrays

which demonstrate efficient capture of broadly spread spectra. The choice of spacing within,

and between, rows, is shown to have implications for controlling transmission, the number of

rows required, and avoiding interference with array resonances on the target interval.

The model and methods applied in the study are introduced in § 4.2 and § 4.3. To develop a

grading for an array, a Bloch wave analysis is used to link underlying band structures (pass-

bands and bandgaps) to the reflection and transmission of the array, which are connected to

the resonant properties of stacks in complex frequency space (§ 4.4.2). The spacing between

WECs is chosen to create an array design that supports high efficiency, given the resonant

properties of the array. The PTO springs are graded for rainbow reflection, and the PTO

damping is chosen to generate near-zeros in reflection for rainbow absorption (§ 4.4.3). Strate-

gies are transferred to finite arrays, where the efficient, broadband absorption of a graded array

is demonstrated in directionally spread, irregular sea states, and compared to the absorption

of uniform arrays (§ 4.4.4). Recommendations for practical next steps are given in § 4.5.

4.2 Preliminaries

Consider a 3D water domain, Ω, containing an array of WECs, where each WEC consists of

a floating buoy and a linear spring–damper PTO that moors it to the seabed (Figure 4.1).

The buoys are identical truncated vertical cylinders, with radius L, height 2L and draught
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L. They are constrained to move in heave only. Let the Cartesian coordinate system (x, y, z)

denote locations in the water domain, such that (x, y) is the horizontal coordinate and z is the

vertical coordinate, which points upwards. The water domain is unbounded in the horizontal

direction, −∞ < x, y < ∞, and bounded below by a flat impermeable seabed at z = −h. In

the absence of WECs, the water is bounded above by a moving free surface, z = η̂(x, y, t),

where t denotes time, and such that η̂ ≡ 0 in equilibrium.

Figure 4.1: The graded array contains finitely many stacks, each consisting of infinitely many WECs
(periodicity Wx). The incident wave travels left-to-right at an angle of χ rad to the x–axis.

The WECs are arranged into K stacks, where each stack contains an infinite number of

identical WECs (identical PTOs, as well as buoys) in a straight line and with uniform spacing

between adjacent WECs (Figure 4.1). Without loss of generality, let the stacks be aligned

parallel to the x-axis and let Wx denote the centre-to-centre spacing between adjacent WECs

in a stack. The spacing between adjacent stacks is also uniform and the centre-to-centre stack

spacing is denoted Wy. The stacks are indexed i ∈ {1, 2, . . . ,K} in ascending order along the

the y-axis, and the WECs in each stack are indexed j ∈ Z in ascending order along the x-axis.

Let one buoy in the first stack have its centre in the horizontal plane coincide with the origin

(x, y) = (0, 0), then the WEC-array occupies the water surface defined by the set

Γ = {(x, y) : (x− j Wx)
2 + (y − iWy +Wy)

2 ≤ L2 for i ∈ [1, 2, . . . ,K] and j ∈ Z}. (4.1)

The heave motion of the jth buoy in the ith stack is denoted ξi,j(t).

Motions of the coupled water and WEC-array system are excited by an ambient incident

wavefield, propagating from y → −∞ (the left of the array in Figure 4.1). The water motions

are modelled using linear potential-flow theory, such that the water velocity field is the gradi-

ent of a scalar velocity potential, Φ(x, y, z, t). Solutions are sought in the frequency domain,

by imposing a time-harmonic condition via

Φ(x, y, z, t) = Re

{
gAinc

iω
ϕ(x, y, z) e−iωt

}
and ξi,j(t) = Re

{
Ainc ζi,j e

−iωt
}

(4.2)

for i ∈ {1, 2, . . . ,K} and j ∈ Z, where ω ∈ R+ is a prescribed angular frequency, g = 9.81m s−2

is gravitational acceleration, i =
√
−1 is the imaginary unit, and Ainc is the amplitude of the
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ambient incident wave. The (reduced/time-independent) potential, ϕ(x, y, z) ∈ C, satisfies
Laplace’s equation throughout the water domain, that is

∇2ϕ = 0 for (x, y, z) ∈ Ω, (4.3)

along with boundary conditions at the seabed and free surface (Mei et al., 2005), respectively,

∂zϕ = 0 for (x, y) ∈ R2 and z = −h (4.4)

and ∂zϕ =
ω2

g
ϕ for (x, y) ∈ R2\Γ and z = 0. (4.5)

It also satisfies conditions on the linearised wetted surfaces of the buoys that equate normal

velocities of the water and the buoys, and radiation conditions in the far field, |y| → ∞ (defined

in § 4.3.1). The (reduced/time-independent) heave motions, ζi.j ∈ C, satisfy equations of

motion (defined in § 4.3.1).

4.3 Solution method

4.3.1 Individual WECs: The diffraction transfer matrix

Consider an individual WEC (with no other WECs surrounding it) and suppose the centre

of the WEC in the horizontal plane coincides with the origin, (x, y) = (0, 0). As such, it

is convenient to map to cylindrical polar coordinates by writing the velocity potential as

ϕ(x, y, z) = φ(r, θ, z) where r > 0 is the radial coordinate and θ ∈ (−π, π] is the azimuthal

coordinate, such that x = r cos(θ) and y = r sin(θ). The velocity potential is decomposed as

φ(r, θ, z) = φinc(r, θ, z) + φscat(r, θ, z), (4.6)

where φinc and φscat ∈ C are the velocity potentials for the incident and scattered wavefields,

respectively. Both of the velocity potentials satisfy Laplace’s equation in the water domain,

and the free surface and seabed boundary conditions (Equations (4.3)–(4.5)).

The incident wavefield, φinc, is taken in the general form

φinc(r, θ, z) =
∞∑
n=0

∞∑
µ=−∞

Cnµ Iµ(κn r) e
iµ θ Zn(z), (4.7)

where Cnµ ∈ C are arbitrary amplitudes, Iµ are modified Bessel functions of the first kind

(order µ), and Zn are the vertical eigenfunctions

Zn(z) =
cosh(kn (z + h))

cosh(kn h)
. (4.8)
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The wavenumbers kn are the real (n = 0) and positive, imaginary (n ≥ 1) roots k of the

dispersion equation

ω2 = g k tanh(k h). (4.9)

The κn are defined such that κn = −ikn (n ∈ Z ≥ 0).

The scattered wavefield satisfies the Sommerfeld radiation condition

√
r
(
∂r φ

scat − i k0 φ
scat
)
→ 0 as r → ∞. (4.10)

Thus, it can be expressed as

φscat(r, θ, z) =

∞∑
n=0

∞∑
µ=−∞

DnµKµ(κn r) e
iµ θ Zn(z), (4.11)

where Dnµ ∈ C are amplitudes to be calculated, and Kµ are modified Bessel functions of the

second kind (order µ). The amplitudes Dnµ are decomposed as

Dnµ = Ddiff
nµ + ζ Drad

nµ for n ∈ Z ≥ 0 and µ ∈ Z, (4.12)

where ζ ∈ C is the as yet unknown heave amplitude of the buoy. The amplitudes Ddiff
nµ are

found by solving a diffraction problem in which the buoy is held stationary, and the amplitudes

Drad
nµ are found by solving a radiation problem in which the buoy is forced to move with

unit amplitude heave motion, without an incident wavefield (Appendix B.1). The associated

boundary conditions on the wetted surface of the buoy SB, are given by, respectively,

∂φdiff

∂n
= −∂φ

inc

∂n
and

∂φrad

∂n
=
ω2

g
on SB. (4.13a, b)

The heave amplitude, ζ, is obtained from the equation of motion[
−ω2(M+ a(ω))− iω (b(ω) +BPTO) + (C+ CPTO)

]
ζ(ω) = F exc(ω). (4.14)

On the left-hand side of Equation (4.14), M ≡ ρπL3 is the mass of the buoy and C =

ρgπL2Nm−1 is its hydrostatic stiffness, where ρ = 1025 kgm−3 is the water density. The

frequency dependent coefficients, a(ω) and b(ω), are the added mass and radiation damping,

respectively, which are calculated from the radiation potential, φrad (see Appendix B.1). The

coefficients CPTO and BPTO are, respectively, the spring and damping coefficients of the PTO.

The right-hand side of Equation (4.14), F exc(ω), is the excitation force, which is calculated

using the incident amplitudes, Cnµ, in the diffraction problem (Appendix B.1).

A diffraction transfer operator is used to define the relation between the incident amplitudes,

Cnµ, and scattered amplitudes, Dnµ. Truncating the infinite summations at n = N0 and
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µ = ±U (chosen sufficiently large to achieve a desired level of accuracy), reduces the diffraction

transfer operator to a (N0 + 1)(2U + 1)-square matrix, B, such that

D = BC, (4.15)

where the entries of the vectors D and C are

[C](n−1) (2U+1)+µ = Cnµ and [D](n−1) (2U+1)+µ = Dnµ, (4.16)

for n = 0, 1, . . . , N0 and µ = −U, (−U + 1), . . . , U . The elements of B are defined in Ap-

pendix B.1.

4.3.2 Individual stacks: Plane-wave expansion, scattering matrices and

Bloch waves

Consider an individual stack, in which the WECs are indexed j ∈ Z, and the horizontal centre

of the buoy j is located at (x, y) = (j Wx, 0). Each WEC in the stack has an associated local

polar coordinate system (rj , θj) for j ∈ Z, such that x = j Wx+ rj cos(θj) and y = rj sin(θj).

In the local region around WEC j (rj < Wx − L), the velocity potential can be expressed as

ϕ(x, y, z) = φinc
j (rj , θj , z) + φscat

j (rj , θj , z), (4.17)

where

φinc
j (rj , θj , z) =

∞∑
n=0

∞∑
µ=−∞

Cj
nµIµ(κn rj) e

iµ θj Zn(z) (4.18a)

and φscat
j (rj , θj , z) =

∞∑
n=0

∞∑
µ=−∞

Dj
nµKµ(κn rj) e

iµ θj Zn(z) (4.18b)

are the velocity potentials corresponding to the local incident and scattered fields, respectively.

The stack is excited by an ambient incident wavefield, with velocity potential ϕamb. In the

local coordinates of WEC j, the velocity potential is expressed as

ϕamb(x, y, z) ≡ φamb
j (rj , θj , z) =

∞∑
n=0

∞∑
µ=−∞

Aj
nµ Iµ(κn rj) e

iµ θj Zn(z), (4.19)

where the amplitudes Aj
nµ are considered known. The incident wavefield for WEC j is ex-

pressed as a superposition of the ambient wavefield and the scattered wavefields of all other

WECs (l ̸= j), such that the velocity potential of the local incident field is

φinc
j (rj , θj , z) = φamb

j (rj , θj , z) +

∞∑
l=−∞
l ̸=j

φscat
l→j(rj , θj , z), (4.20)
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where φscat
l→j is the velocity potential for the field scattered field by WEC l, expressed in the

local coordinates of WEC j. Using Graf’s addition theorem (Martin, 2006), φscat
l→j has the

representation

φscat
l→j(rj , θj , z) =

∞∑
n=0

∞∑
µ=−∞

[ ∞∑
τ=−∞

Dl
nτ (−1)µKτ−µ(κnWlj)e

i (τ−µ)ϑl−j

]
Iµ(κnrj) e

iµθj Zn(z),

(4.21)

where (rj , θj) = (Wlj , ϑlj) is the origin of the local coordinate system of WEC l in the local

coordinates of WEC j, and rj < Wlj . Substituting (4.19) and (4.21) into (4.20) and comparing

with (4.18a), gives

Cj
nµ = Aj

nµ +

∞∑
l=−∞
l ̸=j

∞∑
τ=−∞

Dl
nτ (−1)µKτ−µ(κnWlj) e

i (τ−µ)ϑl−j (4.22)

for n ∈ Z ≥ 0, µ ∈ Z and l ∈ Z.

Suppose that the ambient incident wavefield is such that

Aj
nµ = Qj Anµ where Qj = ei k0 j Wx cos(χ), (4.23)

in which the Anµ ≡ A0
nµ are known and χ ∈ (0, π) denotes the incident angle with respect

to the x-axis. (This is the case for a plane ambient incident wave, for example.) Due to the

periodicity of the geometry in the x–direction, Cj
nµ and Dj

nµ inherit similar quasi-periodic

properties, such that

Cj
nµ = Qj Cnµ and Dj

nµ = Qj Dnµ, (4.24)

where Cnµ ≡ C0
nµ and Dnµ ≡ D0

nµ are to be found. They are intentionally written to match

the notation for incident and scattered amplitudes in the individual WEC problem (§ 4.3.1),

to emphasise that they are related by the diffraction transfer matrix, such that D = BC.

A relation between the Anµ, Cnµ and Dnµ is found by substituting the quasi-periodicities

(4.23)–(4.24) into Equation (4.22), to give

Cnµ = Anµ +
∞∑

τ=−∞
σnτ−µDnτ for n ∈ Z ≥ 0 and µ ∈ Z, (4.25)

where σnτ−µ is a lattice sum known as a Schlömilch series, defined as

σnτ−µ = (−1)µ
∞∑
j=1

(
Q−j + (−1)τ−µQj

)
Kτ−µ(κn j Wx) (4.26)

and for which an efficient computation method exists (Linton, 1998; Peter et al., 2006).
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Truncating the infinite sums over vertical and Fourier modes, as in § 4.3.1, Equation (4.25)

is expressed as

C = A+ σD where the vector [A](n−1) (2U+1)+µ = Anµ, (4.27)

and σ is defined in Appendix B.2. It follows that

D = B(A+ σD) ⇒ D = [I −Bσ]−1BA. (4.28)

Equation (4.28) gives the local incident amplitudes, and hence the local scattered amplitudes,

in terms of the ambient incident amplitudes. The heave amplitude, ζ ≡ ζ0, which is such that

ζj = Qj ζ, is computed from Equation (4.14) with an exciting force as given in Appendix B.1.

For |y| > L, the wavefield can be expressed in terms of a plane-wave expansion (see Ap-

pendix B.2; Peter and Meylan, 2010), such that the velocity potential is

ϕ(x, y, z) =
∞∑
n=0

∞∑
m=−∞

{
F±
mn e

ikn {x cos(χmn)±y sin(χmn)}

+G∓
mn e

ikn {x cos(χmn)∓y sin(χmn)}
}
Zn(z), (4.29)

for ±y > L, where F±
mn and G±

mn are, respectively, the amplitudes of waves incoming to and

outgoing from the stack in the ±y-direction. The χmn are the scattering angles

χmn = arccos

(
ψmn

kn

)
where ψmn = kn cos(χ) +

2mπ

Wx
, (4.30)

defined such that ei kn Wx cos(χmn) = ei k0 Wx cos(χ) for all m and n, and where the complex

branch of arccos is defined by (Peter et al., 2006)

arccos(ς) =

i arccosh(ς), ς > 1,

π − i arccosh(−ς) ς < −1,
(4.31)

with arccosh(ς) = log(ς +
√
ς2 − 1) for ς > 1. There is a finite set, M, where

M = {m ∈ Z : |ψm0| < k0}, (4.32)

such that the scattering angles χm0 ∈ R, and, thus, the corresponding plane waves in Equa-

tion (4.29), are propagating. All other scattering angles are complex-valued (χmn /∈ R for

n = 0 and m /∈ M or n > 0), such that they decay exponentially away from the stack (those

with G-amplitudes) or grow exponentially away from the stack (those with F -amplitudes).
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The amplitudes of the incoming and outgoing plane waves, F±
mn and G±

mn respectively, are

related via scattering coefficients, Rij
mn for reflection and T ij

mn for transmission, such that

G±
ij =

∞∑
n=0

∞∑
m=−∞

{
Rij

mn F
∓
ij + T ij

mn F
±
ij

}
for j, n ∈ Z > 0 and i,m ∈ Z, (4.33)

where the symmetry of the stack with respect to the x-axis has been used. Truncating the

infinite summations to j, n = N1 ≤ N0 vertical modes and M = p + q + 1 scattering angles

(p, q ≥ 0) such that i,m = −p, ..., q can include a finite number of complex scattering angles,

the scattering relations (4.33) are expressed in terms of reflection and transmission matrices,

R and T , respectively, such that(
G−

G+

)
=

[
R T

T R

](
F+

F−

)
. (4.34)

The vectors F and G, have entries

[F±](m−1) (N1+1)+n = F±
mn, [G±](m−1) (N1+1)+n = G±

mn. (4.35)

The entries of the M × (N1 + 1)-square matrices R and T are given in Appendix B.2.

Consider the stack as existing in a unit cell Ωunit, where

Ωunit = {(x, y, z) ∈ Ω : −Wy/2 < y < Wy/2}, (4.36)

i.e., Ωunit is a strip of the water domain of width Wy in the y-direction and with stack along

its centreline. The unit cell has an associated transfer matrix, P , which maps plane-wave

amplitudes from the left-hand side of the unit cell (y = −Wy/2) to the right-hand side

(y =Wy/2), such that(
G+

F−

)
= P

(
F+

G−

)
where P =

[
T −RT−1R RT−1

−T−1R T−1

]
. (4.37)

The eigenspace of the transfer matrix defines the modes supported by the unit cell. In

particular, the eigenvalues define wavenumbers, ±βn, for the modes, via the relation

eig(P ) = {exp(±iβnWy) : n ∈ [0, 1, . . . ,MN1]}, (4.38)

where the ± pairs indicate the symmetry of the unit cell with respect to the y-axis. The

β-wavenumbers and associated modes define so-called Bloch waves that exist in the doubly-

periodic medium that would be formed from repeating the unit cell, such that it occupies the

entire water domain, Ω.
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4.3.3 Full array: Multiple stacks

The plane-wave expansion associated with stack i ∈ {1, 2, . . . ,K} in the array has velocity

potential ϕ ≡ ϕi, such that

ϕi(x, yi, z) =
∞∑
n=0

∞∑
m=−∞

{
F i±
mn e

ikn {x cos(χmn)±yi sin(χmn)}

+Gi∓
mn e

ikn {x cos(χmn)∓yi sin(χmn)}
}
Zn(z), (4.39)

where yi ≡ y − iWy +Wy. Expression (4.39) holds in the strips L < ±yi < Wy − L that

separate stack i from the adjacent stacks (with suitable modifications for the outermost stacks,

i = 1 and K; see below). Upon truncation (at n = N1 and m = −p, . . . , q), the amplitudes

F i±
mn and Gi±

mn are related by reflection and transmission matrices, Ri and T i, such that(
G−

i

G+
i

)
=

[
Ri T i

T i Ri

] (
F+

i

F−
i

)
(4.40)

where the reflection and transmission matrices are evaluated for the PTO parameters applied

to stack i (in the local coordinates).

Here, a propagating ambient incident field, travelling at an angle χ ∈ (0, π) with respect

to the positive x-axis, is prescribed by setting F 1+
00 = 1 and F 1+

mn = 0 for n or m ̸= 0 and

FK−
mn = 0 for all n and m. Reflection and transmission matrices for the entire array, R±

and T ±, are used to relate the amplitudes of the ambient incident field (F 1+
mn and FK−

mn ) and

the amplitudes of the plane waves scattered to the far field (G1−
mn to y → −∞ and GK+

mn to

y → ∞), such that (
G−

1

G+
K

)
=

[
R− T −

T + R+

] (
F+

1

F−
K

)
, (4.41)

where the superscripts ± are required as the array is not x-symmetric, in general (unlike the

individual stacks).

The reflection and transmission matrices for the array are calculated using an efficient recur-

sive algorithm (Bennetts and Squire, 2009; Peter and Meylan, 2010) to combine the scattering

relations for the individual stacks (4.40) for i ∈ {1, 2, . . . ,K} with relations that equate the

outgoing plane waves from stack i with the incoming waves for stack i + 1 and vice-versa,

that is

F+
i+1 = QG+

i and Q−1F−
i = G−

i+1 for i ∈ {1, 2, . . . , (K − 1)}, (4.42)

where Q is a diagonal phase-change matrix, with entries

[Q](m−1)(N1+1)+n = eikn Wy sin(χmn). (4.43)
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A subsequent recursive algorithm (Bennetts and Squire, 2009) is applied to calculate the

amplitudes of the wavefield between stacks i = 1, 2, . . . ,K

F+
i+1 =

[
I −R+

(1, i−1)QR−
(K, i)Q

]−1 [
T +

(1, i−1)F
+
1 +R+

(1, i−1)QT −
(K, i)F

−
K

]
(4.44)

G−
i+1 =

[
I −R−

(K, i)QR+
(1, i−1)Q

]−1 [
R−

(K, i)QT +
(1, i−1)F

+
1 + T −

(K, i)F
−
K

]
, (4.45)

where R±
(i, j) and T ±

(i, j) denotes the combined reflection and transmission matrices, respec-

tively, for stacks i to j, with i, j = 1, 2, . . . ,K. The amplitude of the zeroth WEC in stack i,

for i = 1, 2, . . . ,K, is retrieved from

ζi = ζiσDi + ζi(F
+
i + F−

i ), (4.46)

where the scattered amplitudes for stack i are obtained from Di = B(F+
i + F−

i ), and ζi is

defined in Appendix B.1.

The proportion of the ambient incident wavefield energy absorbed by the array, α, is calculated

as

α = sin(χ)−
∑
m∈M

(
|Rm0|2 + |Tm0|2

)
sin(χm0), (4.47)

where Rm0 and Tm0 are, respectively, the propagating elements of the reflection and transmis-

sion matrices for the array, i.e., α is the proportion of energy not reflected and transmitted

by the array. In the case where there is not PTO damping (BPTO = 0), α = 0 and Equa-

tion (4.47) reduces to an energy conservation relation (McIver, 2000).

4.4 Numerical results

4.4.1 Parameter ranges and implications

The water depth is set to h = 50m, and the WEC diameter is fixed as 2L = 10m to resemble

the parameter regime of CorPower Ocean’s (2024) C4 device. The WEC separations, Wx and

Wy, are such that the distance between the nearest points of adjacent buoys is between 1.5 to

3 times the WEC diameter, similar to Sharp and DuPont (2018). The PTO spring constant

is set to achieve WEC resonances over the target range ω ∈ [0.3, 0.65] rad s−1, which requires

negative stiffness values, as successfully demonstrated for the C4 WEC (Todalshaug et al.,

2016). The PTO damping is unrestricted and values are chosen to capture large proportions

of incident wave energy (see § 4.4.3).

The incident wavelengths over the frequency range of interest (ω ∈ [0.3, 0.65] rad s−1) are

λ ≈142–428m. Incident directions are considered in the range π/6 ≤ χ ≤ π/2, which is equiv-

alent to π/6 ≤ χ ≤ 5π/6 by symmetry. The incident amplitude is arbitrary, as a linear model
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is used, and Ainc = 1m is set for convenience. As λ/2 > Wx for ω ∈ [0.3, 0.65] rad s−1, there

is a single propagating scattering angle (the incident wave direction, χ) over the frequency

range of interest (Falnes and Budal, 1982). Additional scattering angles cut-on, for instance,

at ω ≈ 1.43 rad s−1 for normal incidence (χ = π/2 rad) and at ω ≈ 1.03 at χ = π/8 rad

when Wx = 30m. However, complex scattering angles are included in calculations to capture

resonant interactions between stacks accurately. Where there is no chance of ambiguity, the

reflection and transmission coefficients of the sole propagating mode (Equation (4.47)) are

denoted |R|2 and |T |2, respectively.

There is a maximum of one propagating Bloch wave over the frequency range of interest,

associated with the Bloch wavenumber that tends to k0 sin(χ) at low frequencies, which

is designated as β = β0. For a given unit cell, its passbands are the frequency intervals

on which the Bloch wavenumber is real-valued, β0 ∈ R+, i.e., the unit cell supports the

propagation of the Bloch wave for the passband frequencies. Bandgaps are the frequencies

intervals on which the Bloch wavenumber is complex-valued, β0 ∈ R+ + iR+, i.e., the Bloch

wave decays across the unit cell for bandgap frequencies. As λ > 2Wy ≥ 2Wy sin(χ) for ω ∈
[0.3, 0.65] rad s−1, bandgaps are achieved on the target frequency interval via local resonance

only. Bragg bandgaps (centred around k0 = π/(Wy sin(χ))) occur at higher frequencies, for

instance, for ω ∈ (0.85, 0.95) rad s−1 at normal incidence (χ = π/2 rad) when Wx = 30m and

Wy = 40m (Figure 4.2).

4.4.2 Preliminary results

4.4.2.1 Band structures for individual stacks

Figure 4.2 shows a surface plot (dispersion diagram) of the (a) real and (b) imaginary parts

of the Bloch wavenumber for a stack tuned to ω0 = 0.475 rad s−1 (the middle of the target

frequency range) for incident angles between χ = π/8 rad (near grazing incidence) and χ =

π/2 rad (normal incidence). For all incident angles, a passband (Im{β} = 0) exists at low

frequencies, such that the Bloch wave propagates across the unit cell. A local bandgap begins

close to the resonant frequency, ω0, for all incident angles. In the low-frequency part of the

local bandgap, Re(βWy) = π, whilst Im(βWy) increases monotonically and unboundedly, up

to ω ≈ 0.5 rad s−1 for all incident angles.

As the frequency increases above ω ≈ 0.5 rad s−1, the Bloch wavenumber switches to a branch

where Re(βWy) = 0, and where Im(βWy) decreases monotonically (the corresponding eigen-

value of the transfer matrix has moved from the negative real axis to the positive real axis).

This marks a transition from a “locally resonant” regime (resonances of the individual WECs)

to a Bragg regime, where the wavelength across the unit cell dominates. Hence, the incident

angle has a greater influence over the band surface, but at different rates for different incident
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(a)

(b)

Figure 4.2: Dispersion curves (as surface plots) of the (a) real and (b) imaginary parts of the Bloch
wavenumber for a stack tuned to ω0 = 0.475 rad s−1 (marked X), and for incident angles π/8 ≤ χ ≤
π/2, when Wx = 30m and Wy = 40m. (Note that non-smooth interfaces between passbands and

bandgaps result from a coarse resolution.)

angles, such that Im(βWy) reaches zero (the transition to the second passband) at higher

frequencies as the incident angle decreases (away from normal incidence), thus widening the

local bandgaps.

Similarly, the second passband widens at an increasing rate as the incident angle decreases.

The Bragg bandgap determines the upper bound of the second passband, and moves up in

frequency as the incident angle decreases. In the Bragg bandgap, Re(βWy) = π and Im(βWy)

increases monotonically up to the centre of the bandgap, before monotonically decreasing to

Im(βWy) = 0. The band structures in Figure 4.2 are representative of the behaviour for all

resonant frequencies lying within the target interval (ω0 ∈ [0.3, 0.65] rad s−1), however, the

location of the local bandgap shifts up or down depending on the resonant frequency, which

extends or contracts the second passband accordingly.

4.4.2.2 Broadband reflection by non-absorbing uniform arrays

The reflection (|R|2) properties of a uniform, non-absorbing array (and also the transmission

|T |2 = 1−|R|2) are directly connected to the band structures for a unit cell. This relationship

is illustrated in Figure 4.3 using normally incident waves to an array of five stacks, where

all stacks are tuned to ω0 = 0.3 rad s−1. Passbands permit propagation through the array,

resulting in oscillatory reflection and transmission coefficients due to wave interference along

the array. Bandgaps prevent propagation through the array, generating high reflection and

low transmission through destructive interference.
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(a)

(b)

(c)

Figure 4.3: Panel (a) shows the dispersion curves (black lines) and transmission |T |2 (blue lines)
for a stack tuned to ω0 = 0.3 rad s−1 with Wx = 30m ( ) or Wx = 50m ( ) at χ = π/2 rad
with Wy = 40m. The transmission |T |2 and reflection (|R|2) for a uniform array of five stacks is
shown in (b), where |T |2 ≈ 0 and |R|2 ≈ 1 in the local bandgaps. The peaks and troughs in |T |2
and |R|2, respectively, within passbands are governed by pole–zero pairs in complex frequency space
ω ∈ C, which are visualised using a phase portrait (Wegert, 2012) of the reflection coefficient R(ω)
in (c) when Wx = 30m. The hue represents the magnitude of the colour-coded phase arg(R), and

poles/zeros are identified by rapid phase changes (Wegert, 2012).

The width of the local bandgap is influenced by the choice of spacing Wx, as shown in Fig-

ure 4.3a. Smaller Wx produce stronger reflection/scattering, which widens the local bandgap

and the resonance bandwidth of individual stacks, and leads to higher reflection in the Bragg

bandgap (Figure 4.3b). Compared to a 1D array (Westcott et al., 2024), stacks have a nar-

rower resonance bandwidth and are weaker reflectors, particularly as Wx increases relative to

the WEC diameter (Bennetts and Squire, 2009).

The reflection and transmission in the second passband are governed by array resonances that

arise from interference between waves reflected back and forth between the stacks in the y–

direction (i.e., do not exist for a single stack). These manifest as pole–zero pairs in the complex

plane, and are shown using the phase portrait (Wegert, 2012) of the reflection coefficient as a

function of ω ∈ C in Figure 4.3c. The pole–zero pairs generate zeros in reflection and peaks in

transmission for ω ∈ R (Figure 4.3b). The distance between the pole and zero determines the

associated resonance bandwidth (Romero-Garćıa, Theocharis, Richoux and Pagneux, 2016).

The locations of the array resonances are determined by the resonant properties of the stacks

and Wy. Strongly reflective stacks have a greater ability to move array resonances up in

frequency, reducing the width of the second passband. For example, decreasing Wx = 50m to
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Wx = 30m shifts the start of the second passband from ω = 0.38 rad s−1 to ω = 0.43 rad s−1

(Figure 4.3a). The Bragg bandgap moves up in frequency as Wy decreases, with Wy ≤ 50m

required to keep the Bragg bandgap sufficiently far above the target interval to prevent strong

interference between stack and array resonances.

4.4.2.3 Rainbow reflection for non-absorbing graded arrays

Rainbow reflection is generated by grading the resonant frequencies of successive stacks via

the PTO spring constants from high to low (ω ≈ 0.65 → ω ≈ 0.3 rad s−1) in the direction

of the incident wave, such that the resonance of stack i lies in the local bandgap of stack

(i + 1). Figure 4.4 shows the band diagrams for selected stacks in a graded array of five

stacks at normal incidence, for the PTO spring constants given in Table 4.1 with Bi
PTO = 0

for i = 1, 2, . . . , 5. A spacing of Wx = Wy = 25m is applied to compress the second pass-

band for a clear demonstration of the approach. The overlapping of local bandgaps on the

corresponding unit cells associated with adjacent stacks creates a wide effective bandgap over

ω ∈ [0.3, 0.65] rad s−1, where |T |2 ≈ 0 and |R|2 ≈ 1 in the graded array (Figure 4.4d).

(a) (b) (c) (d)

Figure 4.4: The band diagrams for stacks tuned to (a) ω0 = 0.65 rad s−1, (b) ω0 = 0.475 rad s−1, and
(c) ω0 = 0.31 rad s−1, are shown for Wx = Wy = 25m at χ = π/2 rad. The resonance (marked X)
induces a local bandgap (shaded green). A graded array of five stacks (first, third and fifth stacks:

(a)–(c)) creates (d) an effective bandgap on ω ∈ [0.3, 0.65] rad s−1, where |T |2 ≈ 0 and |R|2 ≈ 1.

Qualitatively, the band structures are identical to a 2D model (Westcott et al., 2024). How-

ever, the grading of PTO parameters depends on the resonant properties and chosen spacing

in 3D, which differ substantially from the 2D model. In particular, a severe grading and

close spacing is required in 2D to control the resonant properties for low transmission over

the target interval, as the WECs are strongly reflecting (Westcott et al., 2024). In contrast,

stacks are relatively weak reflectors and require a gradual grading for low transmission in 3D.

Apart from at ω ≈ 0.62 rad s−1, the zeros in transmission and peaks in reflection on the

target interval (Figure 4.4d) are generated by the graded stack resonances, and are governed

by pole–zero pairs in complex frequency space. The pole–zero pairs are visualised in Figure 4.5
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Table 4.1: The resonant frequency ω0 and PTO parameters of each stack in a graded array of five
stacks with Wx =Wy = 25m in Figure 4.6.

stack i 1 2 3 4 5

ωi
0 rad s−1 0.617 0.500 0.410 0.324 0.296

Ci
PTO kN m−1 −533 −618 −674 −717 −729

Bi
PTO kN s m−1 111 60.3 48.3 30.2 11.1

using phase portraits of the reflection and transmission coefficients in complex frequency space

(Wegert, 2012). Poles correspond to stack resonances, and are located in the lower half of the

complex plane. The associated zeros in reflection are displaced from the real frequency axis

(Im(ω) = 0; Figure 4.5a), while zeros in transmission lie on Im(ω) = 0, and are staggered

across the target interval at locations associated with the local bandgaps on the corresponding

unit cells. The incident wave energy is amplified near the stack with a comparable resonant

frequency (not shown; e.g., see Bennetts et al. (2019)), which defines the transition to a local

bandgap, before being reflected out of the array. Consequently, the wave energy is selectively

slowed according to frequency as the group velocity of the associated Bloch wave decreases

to zero, and low frequencies penetrate further into the array than high frequencies.

(a)

(b)

Figure 4.5: Phase portraits of the reflection (a) R(ω) and transmission (b) T (ω) coefficients of the
array (Table 4.1) are shown as a function of complex frequency (ω ∈ C), with |R|2 and |T |2 for ω ∈ R
overlaid. Stack resonances (poles) are marked X, and zeros are depicted by ◦. The pole–zero pair for

stack 5 lies below the axes limits.

To maintain low transmission (defined as < 10%, to be < 1% of the incident energy) over the

target interval, a gradual grading is required at low frequencies where stacks have narrower

resonance bandwidths, with the severity of the grading increasing with frequency as the

resonance bandwidths broaden. The choice of Wy permits a pole–zero pair originating from
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the second passband to encroach on the target interval (right-hand side of Figure 4.5b), which

restricts the extent of the local bandgap, and down-shifts the stack resonances in frequency

(interference between pole–zero pairs). Weaker interactions in 3D compared to 2D (e.g., see

Westcott et al. (2024)) produce less interference at the upper bound of the target interval,

and permit wider spacings between stacks. For a fixed spacing in the y–direction such that

Wy ≤ 50m, the minimum number of stacks required to achieve an effective bandgap over the

target interval depends on Wx, due to the associated transmission properties (Section 4.4.2).

4.4.3 Broadband absorption

Rainbow absorption is created by extracting the amplified energy in the rainbow reflecting

array using the PTO damper. The PTO damping for each stack in the graded array of

five stacks (Figure 4.5) is chosen to create a near-zero in reflection and corresponding peak in

absorption, starting with the penultimate stack (low frequency) and working towards the front

of the array (Figure 4.6a–d). The fourth stack is less able to sustain low reflection as a result of

a narrow resonance bandwidth, which causes a rapid rise in reflection around ω = 0.3 rad s−1.

To counteract this, relatively low damping (compared to other stacks) is applied to the fifth

stack (unlike in 2D (Westcott et al., 2024)) to reduce reflection and achieve |R|2 ≈ |T |2 ≈ 0 in

combination with the fourth stack at ω ≈ 0.3 rad s−1. The graded array achieves an average

absorption of α̂ = 1
0.35

∫ 0.65
0.3 α dω = 94.1% using the PTO parameters in Table 4.1.

(a)

(b)

(c)

(d)

(e)

Figure 4.6: The PTO damping for the (a) fifth and fourth, (b) third, (c) second and (d) first stack in
a graded array of five stacks (Table 4.1) is chosen to create zeros in reflection (|R|2; ), producing
peaks in absorption α ( ). Dotted lines in (a) give the α, |R|2 , and transmission (|T |2; ) when
only B4

PTO ̸= 0. Each |R(ω)|2 ≈ 0, ω ∈ R, translates zeros in the complex plane towards Im(ω) ≈ 0,
which are shown in the (e) phase portrait of the reflection coefficient R(ω), for ω ∈ C. The zero for

stack 3 is displaced from Im(ω) ≈ 0.
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Table 4.2: The resonant frequency ω0 and PTO parameters of each stack in the graded array of six
stacks with Wx = 30m and Wy = 40m.

stack i 1 2 3 4 5 6

ωi
0 rad s−1 0.611 0.567 0.511 0.418 0.342 0.300

Ci
PTO kN m−1 −538 −572 −611 −670 −709 −728

Bi
PTO kN s m−1 111 52.3 60.3 56.3 40.2 13.7

Near-zeros in reflection for real frequencies translate the complex zeros of reflection associated

with stack resonances towards Im(ω) = 0 in the complex frequency plane (Figure 4.6e). The

complex zero associated with stack 3 is displaced from Im(ω) ≈ 0 due to interactions between

closely spaced pole–zero pairs in frequency space that result from the gradual grading of stack

resonances required to maintain low transmission and reflection at low frequencies. Reflection

and transmission rise at the upper bound of the target interval (|R|2 < 0.089 and |T |2 < 0.099

on ω ∈ [0.3, 0.65] rad s−1) as a result of interference between the stack and array resonances (a

pole–zero pair from the second passband is located at ω = 0.66 rad s−1), which limits control

over the location of pole–zero pairs through the PTO parameters (Westcott et al., 2024).

To reduce transmission and reflection, additional stacks are necessary to achieve a sufficiently

gradual grading on the target interval. A good combination of high absorption, practical

spacing, and rapid convergence is obtained by grading an array of six stacks when Wx = 30m

and Wy = 40m using the PTO parameters in Table 4.2. The graded array has an average

absorption of 94.89% at χ = π/2 rad and maintains |T |2 < 0.085 and |R|2 < 0.078 on ω ∈
[0.3, 0.65] rad s−1. The efficient broadband absorption that is generated at normal incidence

is maintained over a wide range of incident wave directions, as the stack resonances, which

control the local band structures, are unaffected by the incident wave angle.

Figure 4.7 illustrates how the stack resonances control the spatial separation, and subsequent

capture, of incident frequencies, at three different incident angles. Incident frequencies of

ω = 0.52, 0.43 and 0.35 rad s−1 are chosen to slightly exceed the resonance frequencies of

stacks 3, 4 and 5, respectively (i.e., they lie in the associated bandgap), to demonstrate how

the local band structures associated with the corresponding unit cell control propagation.

The incident wave propagates until reaching the spatial location in the array at which the

stack resonance on the associated unit cell is lower than the incident frequency, resulting in

an abrupt and substantial decrease in transmission. The WEC motions are amplified at this

location, due to the accumulation of incident energy, which is captured by the PTO damping

in the rainbow absorbing array.

The absorption of the graded array of six stacks over the target interval is shown in Figure 4.8a,

for incident angles covering a range of χ = π/3 rad. As the incident angle decreases (χ →
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(a) (b) (c)

Figure 4.7: The surface elevation η (upper colourbar) and WEC amplitudes ζ (lower colourbar)
in the graded array of six stacks (Table 4.2) are shown for ambient incident waves ηamb with (a)
ω = 0.52 rad s−1 at χ = π/2 rad, (b) ω = 0.43 rad s−1 at χ = π/6 rad, and (c) ω = 0.35 rad s−1 at
χ = π/3 rad. Incident waves propagate (bottom-to-top) until reaching a resonant stack, which gives

rise to a bandgap with |T |2 ≈ 0.

π/6), transmission (Figure 4.8b) decreases over the targeted interval (local bandgaps widen

in frequency space and increasingly overlap), causing absorption to increase across the target

interval, with the average absorption peaking at α̂ ≈ 0.955 when χ ≈ π/3 rad. However, near-

zeros in reflection (Figure 4.8c) are gradually displaced from |R|2 ≈ 0 (fixed PTO parameters)

as χ decreases past χ ≈ π/3 rad, causing absorption to decline on the upper half of the target

interval, and between the peaks in absorption associated with near-zeros of reflection.

The initial increase in absorption followed by a gradual decline as the incident wave angle

decreases, is observed at different combinations of Wx and Wy, as shown in Figure 4.9, and is

particularly noticeable atWx =Wy = 50m. Since larger periodicities (e.g., Wx = 50m versus

Wx = 30m) support greater transmission, the reduction in transmission as the incident angle

decreases from χ = π/2 rad to χ = π/6 rad, outweighs the gradual displacement of near-zeros

in reflection, and results in higher absorption at χ = π/6 rad compared to χ = π/2 rad.

Generally, a greater number of stacks (Figure 4.9b) counteract this trend, provided there

are sufficiently many stacks to create low transmission over the target interval at normal

incidence, so that absorption monotonically declines as the incident angle decreases. The

various array layouts maintain high absorption for π/6 ≤ χ ≤ 5π/6 (by symmetry), with the

average absorption exceeding 90% for all but five stacks (where α̂ = 0.878 at χ = π/6 rad).

For fixedWx andWy, the average absorption increases with the number of stacks (Figure 4.9a

versus Figure 4.9b). The (unoptimised) average absorption of the graded array of ten stacks,

with a practically feasible spacing of Wx = 30m and Wy = 40m, reaches 98% at normal
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(a)

(b)

(c)

Figure 4.8: The (a) absorption of the array of six stacks (Wx = 30m and Wy = 40m; Table 4.2)
exceeds 90% over the majority of the target interval ω ∈ [0.3, 0.65] rad s−1, for π/6 ≤ χ ≤ π/2. As
the incident angle decreases (χ → π/6), (b) transmission decreases (|T |2 → 0), and (c) near-zeros in

reflection (|R|2 ≈ 0) are gradually lost.

incidence (Figure 4.9b; χ = π/2 rad), which is less than 2% lower than an optimised 1D array

of ten WECs (Westcott et al., 2024). The slight difference in absorption is attributed to

stacks being weaker reflectors than 2D WECs. The absorption of the ten stacks is shown in

Figure 4.9c, and exceeds 95% for the majority of ω ∈ [0.3, 0.65] rad s−1 and π/6 ≤ χ ≤ π/2.

Stacks with closely spaced WECs are stronger reflectors and sustain low transmission over a

wider frequency range as a result of broader resonance bandwidths. The separation distances

between WECs should remain between three and eight times the WEC radius, as a closer

spacing is unlikely to be feasible in practice, while wider spacing decreases efficiency. The

maximum spacing is restricted by the second passband, which must occupy some minimum

width in frequency space. The ability to decrease this width via the grading depends on Wx

(fixed WEC properties), and requires strongly reflective stacks (small Wx). The upper bound

of the second passband is controlled by Bragg resonance, and is driven down in frequency

as Wy increases. Consequently, the resonances associated with the second passband move

down in frequency, which raises transmission near the upper bound of the target interval and

causes absorption to drop. If both Wx and Wy are increased, the resonances can become

interspersed between the stack resonances, and potentially allow transmission to rise on the
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targeted interval (Appendix B.3).

(a) (b)

(c)

Figure 4.9: The average absorptions α̂ of graded arrays over ω ∈ [0.3, 0.65] rad s−1 are shown versus
the incident wave angle χ, for different choices of Wx and Wy, in (a), and for ten stacks in (b).
The absorption of an array of ten stacks with Wx = 30m and Wy = 40m is shown in (c) for

ω ∈ [0.3, 0.65] rad s−1 and π/6 ≤ χ ≤ π/2.

In general, higher transmission at larger Wx and Wy distances can be counteracted by in-

creasing the number of stacks. For example, ten stacks achieve α̂ = 0.952 atWx =Wy = 50m

(χ = π/2 rad; Figure 4.9b). However, similar to 1D arrays, the precise control of reflection and

transmission zeros is limited by strong interactions between an increasing number of stacks

on a fixed frequency interval (Westcott et al., 2024). Similarly to Westcott et al. (2024), the

PTO parameters could be optimised for better absorption, however, the minimal gains to be

made come at high computational expense.

4.4.4 Finite arrays

Strategies for broadband absorption extend effectively to finite arrays where the infinite

number of WECs in each stack is truncated to form a row containing a finite number of

WECs. In the finite array, the scattered coefficients of each WEC are obtained by replac-

ing the lattice sums in Equation (4.26) with (N0 + 1)× (2U + 1)-square separation matrices

σjl = (−1)µKτ−µ(κnWjl)e
i(τ−µ)ϑj−l , where (Wjl, ϑj−l) specifies the location of WEC l in the

local coordinate system of WEC j (Martin, 2006). For an array with J WECs, the scattered

coefficients are calculated from

[D1 D2 · · · DJ ]⊤ = [I −B ]−1 [B1A1 B2A2 · · · BJAJ ]⊤, (4.48)
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where the matrix B has elements [B]jl = Bjσjl. The vector of incident amplitudes for WEC j

has elements defined by [Aj ]nµ = exp (ik0Wj0 cos(ϑj − χ))Anµ, where (Wj0, ϑj0) specifies the

position of WEC j in global coordinates (Kagemoto and Yue, 1986).

As few as five WECs per row are sufficient to generate the rainbow absorption behaviour of

the graded infinite array (not shown), with good correspondence observed as the number of

WECs per row is increased. The WEC amplitudes in a finite array of J = 60 WECs with six

rows (K = 6; 10 WECs per row) are shown in Figure 4.10. The rows are graded using the PTO

parameters in Table 4.2, withWx = 30 andWy = 40m. Boundary effects are observed at edge

WECs, and are most prominent near resonance, which typically experience amplified motions

compared to the corresponding infinite array. The amplitudes of the interior WECs 4–7

closely resemble the WEC amplitudes in the infinite array. Increasingly many interior WECs

resemble the behaviour of the infinite array as the number of WECs per row increases.

(a) (b) (c)

(d) (e) (f)

Figure 4.10: The WEC amplitudes (|ζ|; ) in a graded array of 60 WECs with Wx = 30 and
Wy = 40m are shown for ω ∈ [0.3, 0.65] rad s−1 at χ = π/2 rad. The PTO parameters of stack i in
Table 4.2 are applied to all WECs (numbered 1 to 10 from left-to-right) in row i of the finite array,
with i = 1, 2, . . . , 6. The |ζ| of interior WECs tends towards the |ζ| in the infinite array ( ), with

boundary effects visible at edge WECs (light coloured ).

To relate the performance of a finite array to the infinite array, a relative capture width

CWfinite, is defined as the power captured by the array as a proportion of the power available

in the wavefront across the width of the array (JWx/K) (McIver, 1994),

CWfinite =

1
2

J∑
j=1

Bj
PTO ω

2 |ζj |2
/[ ω

4k0

(
1 +

2k0h

sinh(2k0h)

)
|Ainc|2 J Wx/K

]
, (4.49)

where K is the number of rows, and χ = π/2 rad is fixed (Gong et al., 2024; He et al., 2022).

Since the relative capture width is non-dimensionalised relative to the array’s cross-sectional

width (includingWx/2 on either side), the efficiency measure can exceed one as the finite array

can capture energy from the sides of the array, unlike the infinite array, where 0 ≤ α ≤ 1.
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Efficiencies exceeding one are primarily attributed to boundary effects in the finite array,

where the resulting amplification of WEC motions increase the numerator in Equation (4.49).

At normal incidence, the boundary effects are generally limited to three edge WECs (either

side of the array). Consequently, the proportion of power capture attributed to edge effects

gradually decreases as the number of WECs per row increases.

Figure 4.11a shows the relative capture width of the finite array of 60 WECs (Figure 4.10)

when excluding the two WECs at the edges of each row which experience boundary effects.

The locations of peaks in the relative capture width are consistent with the absorption of the

infinite array, but vary in magnitude over the target interval. Correspondence to the infinite

array improves as the number of WECs per row increases, and is particularly good when

based on the behaviour of interior WECs. For example, the relative capture width for 35

WECs per row is qualitatively identical to the infinite array, but with higher efficiency, which

tends towards the absorption of the infinite array as edge WECs are excluded. There is little

change in the relative capture width of interior WECs beyond 20 WECs per row.

(a)

(b)

Figure 4.11: The relative capture width (a) CWfinite of graded, finite arrays (Table 4.2) are shown for
ω ∈ [0.3, 0.65] rad s−1, with the absorption of the corresponding infinite array overlaid. The CWfinite

is also shown when excluding edge WECs on either side of each row to eliminate boundary effects.
The (b) CWfinite of the graded array of 60 WECs (Figure 4.10; Table 4.2) for ω ∈ [0.3, 0.65] rad s−1 is

highest at χ = π/2 rad, and gradually declines as χ→ π/6, particularly at higher frequencies.

Like the infinite array, the relative capture width of the graded array of 60 WECs remains high

over the target interval ω ∈ [0.3, 0.65] rad s−1 at normal incidence, and gradually decreases

as χ → π/6, particularly at higher frequencies (Figure 4.11b). The finite array preserves

the underlying band structures, which are robust to changes in the incident wave direction,

despite boundary effects impacting an increasing number of WECs within each row as the

incident angle decreases. For incident angles π/6 ≤ χ ≤ π/2, the finite array achieves over

90% efficiency on the majority of the target interval (Figure 4.11b).
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The surface elevation and WEC amplitudes in the finite array are shown in Figure 4.12,

corresponding to two of the incident wave frequencies and directions given in Figure 4.7.

Boundary effects are evident near resonance, and have a reasonably minor impact on the

wavefield. The finite array permits slightly higher transmission across the width of the array,

particularly as χ → π/6. For example, the surface elevation in the finite array is |η(x, y :

k)| ≈ 0.23m when ω = 0.52 rad s−1 at χ = π/2 rad, and 0.17m ≤ |η(x, y : k)| ≤ 0.25m when

ω = 0.35 rad s−1 at χ = π/3 rad, for −75m < x < 75m and at y = 220m, compared to

|η(x, y : k)| ≈ 0.17m and |η(x, y : k)| ≈ 0.14m, respectively, in the infinite array.

4.4.4.1 Ocean wave spectra

To illustrate the broadband (frequency and direction) efficiency of the graded finite array,

using fixed PTO parameters, consider a multi-directional, irregular sea state defined by

S(ω, θ) = Sf(ω)D(θ), (4.50)

with amplitude A(ω, θ) =
√
2S(ω, θ)∆ω∆θ (Chakrabarti, 2005). The spectral density func-

tion is chosen to be the JONSWAP (JOint North Sea WAve Project; Hasselmann et al., 1973)

spectrum (Chakrabarti, 2005)

Sf(ω) =
0.0081g2

ω5
e−1.25(ωp/ω)4γr where r = e−(ω−ωp)2/(2σ2ω2

p) (4.51)

with peak frequency ωp = 2π/Tp (period Tp; maximum energy in the spectrum) and spectral

width

σ =

0.007 ω < ωp,

0.009 ω ≥ ωp.
(4.52)

The sharpness of the spectrum is characterised by the peak enhancement factor γ. Globally,

γ = 1.54 is typical of broadband sea states, particularly in coastal regions, while γ = 3.3

(narrower spectra) is typically used in the wave energy literature (Mazzaretto et al., 2022).

The directional spreading function is modelled as a cosine-2ς distribution (Chakrabarti, 2005)

D(θ) =
Γ(ς + 1)√
π Γ(ς + 1/2)

cos2ς(θ − χ) for 0 ≤ |θ − χ| < π/2, (4.53)

which is characterised by a spreading parameter ς, where ς = 1 defines broadly spread sea

states, and ς = 4, more narrowly spread sea states. The principle direction χ is set to normal

incidence (χ = π/2 rad). The proportion of the incident spectrum absorbed by the array is

defined as αspec, such that

0 ≤ αspec =

∫∫
CWfinite(ω, θ) |A(ω, θ)|2 dω dθ∫∫

|A(ω, θ)|2 dω dθ
⪅ 1. (4.54)
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(a)

(b)

Figure 4.12: The surface elevation η (upper colourbar) and WEC amplitudes ζ (lower colourbar) in
the finite array of 60 WECs (Table 4.2) are shown when (a) ω = 0.52 rad s−1 at χ = π/2 rad, and
when (b) ω = 0.35 rad s−1 at χ = π/3 rad. Boundary effects are visible at the edge WECs in each row

near resonance, and impact an increasing number of WECs as χ moves away from χ = π/2 rad.

The double integrals on the right-hand side of Equation (4.54) are approximated using the

trapezoidal rule, where the spectrum S(ω, θ) is approximated by a finite sum of monochro-

matic waves (Cruz, 2008), at frequencies ω0 = 0.2 rad s−1, ω1 = ω0 + ∆ω, . . . , ω106 =

ω0 + 106∆ω = 1.26 rad s−1 (∆ω = 0.01) and θ0 = π/10 rad, θ1 = θ0 + ∆θ, . . . , θ14 =

θ0 + 14∆θ = π/2 rad (∆θ = 0.0898).
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The proportion of relatively narrow (γ = 3.3 and ς = 4) and broad spectra (γ = 1.54 and

ς = 1) absorbed by the graded array of 60 WECs is shown in Figure 4.13 for Tp ∈ [5, 22] s,

which covers feasible frequencies for power generation (Coe et al., 2021). The proportion of

a spectrum captured depends on where Tp lies within the designed frequency range (Tp ∈
[10.3, 20.9] s) of the graded array. For example, 95% of a broad spectrum with Tp = 17 s

(shown in Figure 4.13b) is captured, as the majority of the spectrum lies within the target

interval (Tp ∈ (9.6, 21) s). In comparison, 72% of the narrow spectrum with Tp = 10 s shown in

Figure 4.13a is captured, as a large proportion of the spectrum lies above the target interval.

The average absorption is 86.8% when γ = 1.54 and ς = 1, and 94% when γ = 3.3 with

ς = 4, for Tp lying within the target interval. Generally, αspec increases for narrower spectra,

particularly as γ increases.

(a) (b)

(c)

Figure 4.13: Incident spectra with a significant wave height of Hs = 1m, defined by (a) γ = 3.3, ς = 4
( ) and Tp = 10 s, and (b) γ = 1.54, ς = 1 ( ) and Tp = 17 s, are shown to illustrate the energy in
incident spectra relative to the target interval (shaded green) of the graded array. The proportion of
the spectra absorbed (αspec) by the graded array (purple) of 60 WECs (Table 4.2) with Wx = 30 and
Wy = 40m is shown in (c), where the αspec for uniform arrays tuned to T0 = 10 s (green), T0 = 15 s

(blue) and T0 = 20 s (red) are shown for comparison.

To contextualise the proportion of the spectra absorbed, the absorptions of three different

uniform arrays are shown in Figure 4.13c, to represent arrays designed for a particular wave

climate. The arrays are tuned to resonate (fixed PTOs) at T0 = 10, 15, and 20 s, respectively,

corresponding to incoming spectra with Tp = 10, 15, and 20 s, respectively. The absorptions

of the uniform arrays peak at spectra with slightly higher Tp than the respective spectra to

which they are tuned, and decline elsewhere (away from resonance). In general, the peak

absorption is considerably lower than the graded array, where the broadband design ensures
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efficient capture over a much larger proportion of frequencies within a spectrum.

Figure 4.14: The αspec of narrow (γ = 3.3, ς = 4; ) and broad (γ = 1.54, ς = 1; ) spectra by
the graded array (fixed PTOs; Table 4.2) is shown for Tp ∈ [5, 22] s. The αspec of the narrow (⋆)
and broad (�) spectra by a uniform array is shown for comparison at each Tp. The uniform array is
re-tuned (resonance T0) to every Tp within the target interval (i.e. T0 = Tp ∈ [10.3, 20.9] s), and held

fixed at T0 = 10.3 for Tp ∈ [5, 10], and T0 = 20.9 for Tp = 21, 22 s (�, open ⋆).

Similarly, Figure 4.14 shows the absorption of a uniform array which is re-tuned (dynamic

PTOs) to be resonant at every peak period (i.e., absorption of a spectrum when T0 = Tp)

on the target interval. The PTOs of the uniform array are held fixed outside the designed

frequency range of the graded array, to enable a fair comparison (alternatively, the graded

array should be re-graded over comparable periods). Again, the graded array (fixed PTOs)

significantly outperforms the uniform array over the target interval, with the exception of at

the upper bound (Tp < 10.3 s), which lies at the limit of the designed frequency range of the

graded array (Tp = 10.3 s coincides with the highest resonant frequency in the graded array).

On average, the graded array captures 33.45% more of the broad spectra, and 33.01% more

of the narrow spectra, over the target interval, than a dynamically re-tuned uniform array.

4.5 Discussion and conclusions

Arrays of heaving buoys were designed for the broadband absorption of ocean wave energy by

grading their resonant properties through attached PTOs in a 3D model governed by linear

potential-flow theory. The WECs were arranged into stacks (each of which contained infinitely

many WECs) with a small periodicity length relative to the target wavelengths, to transform

the wavefield into a discrete directional spectrum that supports a single propagating mode

of transmission and reflection. An effective bandgap was generated over the target interval

for low transmission, by grading the PTO spring constants of WECs in successive stacks

from high-to-low in the direction of the incident wave (normal incidence), to create a rainbow

reflecting array. The PTO damping was tuned to capture the reflected wave energy for

rainbow absorption, by manipulating the location of the complex zero in reflection for each

stack in the complex frequency plane.
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Restrictions on the spacing between WECs were proposed to control reflection and trans-

mission over the target interval for high efficiency with a relatively small number of stacks.

The spacing is connected to the resonance bandwidth of stacks, and influences the ability to

control the location of pole–zero pairs in complex frequency space. The resonant properties

of the individual WECs influence the choice of spacing. Increasing the number of stacks can

compensate for higher transmission resulting from wider spacings within stacks (Wx) or nar-

rower resonance bandwidths, provided the spacing between stacks (Wy) is sufficiently small

to prevent Bragg resonance from encroaching on the target interval. Arrays of five and six

stacks achieved an average absorption of 10–20 s waves exceeding 94% at normal incidence

(98% with ten stacks), and over 90% for a wide range of wave directions.

To develop practical array designs, the stacks were truncated to form rows with a finite

number of WECs. Finite arrays with 60 WECs (ten WECs per row) were shown to execute

the strategies for broadband absorption. The rainbow absorbing design enables the finite array

to achieve efficient, broadband absorption over broad directional bands, without retuning the

WECs, which produces high efficiency in realistic sea states. The graded array outperforms

uniform arrays tuned to the peak period of incident spectra covering the designed frequency

range of the graded array, as the broadband design ensures the capture of a much higher

proportion of both narrow and broadly spread spectra.

The low transmission generated by the graded array could provide coastal protection benefits

in addition to power capture. Graded arrays have garnered recent attention for their abil-

ity to generate broadband attenuation for coastal protection, and include graded arrays of

non-absorbing submerged bars (Xie et al., 2025; Xu et al., 2023), bottom-mounted cylinders

(Zhou and Song, 2025), resonant C-shaped cylinders (Bennetts et al., 2018; Cao, Chen, Ning,

Peng, Xu and Lin, 2025) and floating plates with attached resonators (Liu et al., 2025). Con-

sequently, WEC-arrays capable of providing the required attenuation while also generating

power, are an attractive prospect. Since the grading is implemented via the PTO mechanisms

in the WEC-array, rather than a surrounding structure, the array can be retuned if desired.

This offers the additional flexibility to alternate between protecting coastlines or generating

power, as proposed by Battisti et al. (2024) and Cui et al. (2024).

For linear theory to remain valid, the strategies presented are restricted to incident waves

with small amplitudes, where the amplified WEC motions do not exceed the WEC draught,

and break the water surface. Future research directions include approximating non-linearities

like drag, which will reduce WEC motions and therefore efficiency, and introducing physical

constraints on WEC motions to remain within practical limitations as the incident amplitude

increases. Based on recent demonstrations of non-absorbing graded arrays (e.g., Archer et al.,

2020; Cao, Chen, Ning, Peng, Xu and Lin, 2025; Zhou and Song, 2025), it is likely that the
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broadband control will remain effective when subject to non-linear effects, but absorption will

decline.

In conclusion, we have shown that arrays of heaving buoys can be designed for efficient

broadband absorption, without optimisation, by grading their resonant properties for rainbow

absorption. Array designs were presented that capture over 90% of the incident energy from

two thirds of usable ocean wave frequencies, and for incident wave directions ranging up to

60 degrees from normal incidence, using fixed PTO parameters. The key properties of the

rainbow absorbing design extend effectively to finite arrays with a reasonably small number

of WECs per row. The practical design for finite arrays demonstrates highly efficient power

capture in realistic sea states that are broadly spread in both frequency and direction.



Chapter 5
A rainbow absorbing array of heaving

buoys subject to a drag correction

Abstract

Grading arrays of heaving buoy type wave energy converters (WECs) is a promising strategy

to achieve the efficient capture of ocean wave energy over broad frequency ranges required for

economic viability. The broadband control of wave energy is achieved by spatially grading

the resonant frequencies of the WECs via linear spring–damper power take-off mechanisms,

in a model governed by linear theory. However, the localised amplifications that are created

and captured for high efficiency, produce large WEC motions that violate the assumptions of

linear theory. A linearised drag correction derived from Morison’s equation is incorporated

in the frequency domain to approximate the non-linear effects that arise from large motions

in regular waves. The impact of drag on the underlying band structures in a rainbow absorb-

ing array are examined as the incident amplitude increases, using a periodic arrangement of

WECs. The broadband behaviour remains intact, but the proportion of the incident wave

energy that is captured by the array decreases as the amplifications of WEC motions are

reduced by drag. Relatively small finite arrays capture all available incident energy across the

width of the array on average, when the incident amplitude is restricted to prevent WECs

from breaching the water surface. The broadband absorption is robust to the wave direction,

and outperforms uniform arrays on the target frequency interval.

5.1 Introduction

The commercial-scale conversion of ocean wave energy into electrical power by arrays of wave

energy converters (WECs) could significantly contribute to the growing global demand for

renewable energy (IRENA and OEE, 2023; Ringwood et al., 2023). However, designing arrays

to operate at high efficiency is challenging, as ocean waves suitable for power capture cover

a broad range of frequencies and directions, which are subject to spatio-temporal variability

on multiple time scales (Ning and Ding, 2022). For a given sea state, optimising the array

layout (Göteman et al., 2020), WEC geometry (e.g., Edwards and Yue, 2022), and/or power

take-off parameters (PTOs) (e.g., Garcia-Rosa et al., 2015) enhances power capture.

97
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The high efficiency over broad frequency bands (broadband absorption) required for cost-

effectiveness can theoretically be achieved by dynamically retuning the PTOs according to

the sea state (Coe et al., 2021; Pecher and Kofoed, 2017). However, dynamic control does

not necessarily address sensitivity to wave direction (Gallutia et al., 2022; Garcia-Rosa et al.,

2015), requires accurate wave prediction, is sensitive to model error, and is technically chal-

lenging from a PTO design perspective (Ning and Ding, 2022; Pecher and Kofoed, 2017).

Alternatively, rainbow absorbing arrays can achieve broadband absorption using fixed PTO

parameters by grading the resonant properties of the array for spatially controlled amplifica-

tions of wave energy over broad frequency bands (Westcott et al., 2024; Wilks et al., 2022).

The graded resonances create an effective bandgap over the target frequency range, charac-

terised by low transmission and a series of near-resonant responses that are captured by the

PTO damping, which is chosen to minimise reflected wave amplitudes (Westcott et al., 2024;

Wilks et al., 2022). Assuming linear theory, arrays of heaving buoys, modelled as truncated

cylinders, have demonstrated over 90% absorption (proportion of incident energy captured)

of 10–20 s waves over a wide range of wave directions (Westcott et al., 2025).

Large WEC motions relative to the WEC dimensions and incident amplitude occur at reso-

nance, and are increased by localised amplifications from the rainbow absorbing design (Chap-

ter 4), which violate the assumption of linearity. In reality, flow separation and vortex shed-

ding become dominant as the WEC amplitude increases, producing a pressure drag force

opposing the WEC motion (Kaneko et al., 2014). These non-linear effects significantly reduce

the large WEC motions predicted by linear theory (Babarit et al., 2012; Folley, 2016; Giorgi

and Ringwood, 2017). In practice, WEC motions are further physically constrained to comply

with amplitude restrictions (Falnes and Kurniawan, 2020) and prevent WECs from breaching

the water surface as the incident amplitude increases (Li et al., 2012).

Computational fluid dynamics (CFD) models capture viscous effects with high-fidelity but

are computationally infeasible for the large-scale modelling of arrays (Göteman et al., 2020).

Consequently, viscous losses are typically approximated in linear potential-flow models by

incorporating an additional damping term into the linearised equation of motion (Wolgamot

and Fitzgerald, 2015). The drag experienced by a WEC is primarily due to pressure drag

from flow separation, rather than viscous drag (Sarpkaya, 2010) that arises from shear stress

and is more relevant at small-amplitude oscillations (Kaneko et al., 2014). The pressure drag

component of Morison’s equation (Morison et al., 1950) is the most prevalent heuristic drag

correction used in combination with idealised wave theories (Lei et al., 2023; Sarpkaya, 2010),

and is commonly applied to linear models of heaving WECs to account for viscous effects

(Penalba, Giorgi and Ringwood, 2017). To circumvent the computational expense of time-

domain models, a quasi-linear drag correction based on Morison’s equation can be iteratively
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derived (Korde and Ringwood, 2016) and applied in the frequency domain for regular waves

(Molin, 2023).

There is high uncertainty surrounding appropriate drag coefficients for WECs as a result of

different methodologies employed to identify coefficients across studies, isolating drag from

other un-modelled non-linear effects, and identifying a single value which is representative of

a variety of wave conditions (Babarit et al., 2012; Giorgi and Ringwood, 2017; Molin, 2023;

Penalba, Giorgi and Ringwood, 2017). Consequently, the drag coefficient can be a significant

source of error (Babarit et al., 2012). Drag coefficients also depend on the WEC geometry,

which should ideally be optimised to minimise drag (Guo and Ringwood, 2021). Hemispherical

WEC shapes, for example, can capture over 50% more power than truncated shapes due to

the minimal drag supporting larger motions, but can be difficult to construct compared to

simply rounding the corners of a flat-bottomed base, which otherwise leads to high drag (Gu

et al., 2018; Stansby et al., 2015; Tom and Yeung, 2013; Yeung and Jiang, 2014).

Despite the associated uncertainties, a drag correction can improve model accuracy (Guo

and Ringwood, 2021), leading to an improved understanding of how drag may impact the

power capture predicted by linear models, particularly in the early stages of concept develop-

ment (Lei et al., 2023; Sarpkaya, 2010). Since a drag correction alters the resonant response

of WECs, which control the underlying band structures in a rainbow absorbing array, it is

important to analyse the impact on strategies for broadband absorption. In this study, we

demonstrate that graded arrays of heaving buoys subject to a drag correction based on Mori-

son’s equation, achieve efficient broadband absorption of 10–20 s waves (angular frequencies

ω ∈ [0.3, 0.65] rad s−1) using static PTO parameters.

After setting out the model and methods in § 5.2, drag is incorporated in an array composed of

periodic rows of WECs to determine the effect on the reflection and transmission properties,

which are critical to efficient rainbow absorption (§ 5.3). Given the uncertainty associated with

drag coefficients, two values are applied to analyse the effect on the array design. Comparisons

to a uniform tuning are used to illustrate how the ability to considerably extend the local

bandgap by grading an array is gradually lost as the impact of drag increases. The altered

WEC motions determine the efficiency that is achieved. Lastly, strategies are transferred to

a finite array in § 5.4, where the incident amplitude is restricted to retain model validity, and

solutions are contextualised against a typical uniform tuning applied in the literature.

5.2 Preliminaries

The array of heaving buoy type WECs is modelled in a three-dimensional (3D) water domain

Ω as depicted in Figure 5.1, in which locations are defined by a Cartesian coordinate system.



CHAPTER 5. RAINBOW ABSORBING ARRAY WITH A DRAG CORRECTION 100

The domain extends infinitely in the (x, y) horizontal directions and is bounded below by an

impermeable seabed at constant, finite depth z = −h. The z-axis is directed out of the water,

and z = η(x, y, t) = 0 coincides with the undisturbed free surface.

Figure 5.1: The array consists of a finite number of stacks with centre-to-centre spacing Wy (m) in
the y–direction. Each stack contains infinitely many, identical WECs, distributed periodically in the
x–direction with centre-to-centre spacing Wx (m). The ambient incident wave propagates left-to-right

at an angle of χ rad with respect to the x-axis.

The WECs are modelled as truncated cylinders with radius L and draught L (height 2L),

attached to a linear spring–damper PTO, which is modelled using stiffness and damping

terms, CPTO and BPTO, respectively. The array consists of a finite number of stacks, with a

constant centre-to-centre spacingWy in the y–direction. Each stack is composed of a periodic

row of identical WECs in the x–direction with constant spacing Wx. The centre of WEC j

in stack s is located at (jWx, (s− 1)Wy) in the (x, y) plane, where j ∈ Z, and s = 1, 2, . . . , S.

The dimensions L = 5m and h = 50m are selected to be broadly consistent with CorPower

Ocean’s (2024) state-of-the-art C4 device.

Linear potential-flow theory is applied, assuming small amplitudes relative to the wavelengths.

The potential Φ satisfies Laplace’s equation (Linton and McIver, 2001; Mei et al., 2005)

∇2Φ(x, y, z, t) = 0 on Ω = {(x, y, z) : x ∈ R, y ∈ R,−h ≤ z ≤ η(x, y, t)} , (5.1)

subject to a linearised free surface condition and no-normal flow at the seabed, respectively

∂2Φ

∂t2
+ g

∂Φ

∂z
= 0 at z = 0, (5.2)

∂Φ

∂z
= 0 at z = −h. (5.3)

The potential is decomposed into incident (inc), diffracted (diff) and radiated (rad) components

Φ = Φinc +Φdiff +Φrad, where Φscat = Φdiff +Φrad (5.4)

is defined as the scattered potential, which satisfies radiation conditions in the far field (Kage-

moto and Yue, 1986). In the diffraction problem, the WEC is held fixed in the incident waves,
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while in the radiation problem, the WEC undergoes forced, heave oscillations in the absence

of an incident wave (Linton and McIver, 2001). The respective boundary conditions on the

wetted surface Si
Bj of WEC j in stack i are (Linton and McIver, 2001)

∂Φdiff

∂n
= −∂Φ

inc

∂n
and

∂Φrad

∂n
= ξ̇ji (t) on Si

Bj , (5.5a, b)

where ξ̇ji (t) = Re
{
−iωζji e

−iωt
}

is the WEC velocity (dot denotes times derivative), which is

determined using the equation of motion (omitting j
i for ease of notation) (Mei et al., 2005),

M ξ̈ +BPTO ξ̇ + (C+ CPTO) ξ = −ρ
∫∫

SB

∂Φ

∂t
n dS + Fdrag(t), (5.6)

where M (kg) is the mass of the WEC, and C (Nm−1) is the hydrostatic stiffness. The drag

force Fdrag(t) acting on each WEC is modelled using Morison’s equation, which implies that

drag is proportional to the dynamic pressure exerted on the base of the cylinder by the local

wavefield (Clauss et al., 1992),

Fdrag(t) = −1

2
Cdρ

∫
SB

∣∣∣∣∂Φ∂z
∣∣∣∣ ∂Φ∂z dS at z = −L (5.7a)

= −1

2
CdρπL

2 |ξ̇(t)| ξ̇(t). (5.7b)

The absolute value ensures drag opposes the WEC motion given the quadratic dependence on

velocity associated with the loss of kinetic energy (Clauss et al., 1992; Folley and Whittaker,

2010; Sarpkaya, 2010). The drag coefficient Cd relates the total drag to the WEC’s cross-

sectional area, projected onto a plane normal to the motion (Clauss et al., 1992; Douglas et al.,

1986). Drag coefficients are fitted to experimental or CFD data, or based on tabulated ratios of

the Keulegan–Carpenter and Reynolds numbers (Giorgi and Ringwood, 2017; Penalba, Giorgi

and Ringwood, 2017), the frontal area of the body (Douglas et al., 1986), or the sharpness of

corners (Molin, 2023). Reported values for truncated cylinders range from Cd = 0.6 to Cd = 2,

and depend on the methodology used to identify Cd, the model to which Cd is calibrated,

the WEC geometry (Babarit et al., 2012; Douglas et al., 1986; Giorgi and Ringwood, 2017;

Molin, 2023) and whether the flow is steady or oscillatory (Journée and Massie, 2001).

The generalisation of Morison’s equation for oscillating bodies models drag as the dynamic

pressure force from the normal component of the relative velocity between the WEC and

the unperturbed water particle velocity (u(t) = ∂Φamb
z ) at a fixed point (r0, θ0, z0) which is

considered representative of the cross-sectional area (Clauss et al., 1992),

Fdrag(t) = −1

2
ρCd πL

2
∣∣ξ̇(t)− u(t)

∣∣ (ξ̇(t)− u(t)
)
. (5.8)

Typically, (r0, θ0, z0) = (0, 0, z0), with z0 selected at some submergence depth of the WEC
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(e.g., the WEC’s draught (George and Cho, 2024)). This assumes that a body with a small

characteristic dimension relative to the wavelength (2L < λ/6) produces negligible scattering,

and the incident wave remains unperturbed by the body, so that any local variation can be

neglected across small dimensions (Clauss et al., 1992; Molin, 2023). Although this assumption

is unlikely to be satisfied by WECs, where resonant scattering perturbs the local wavefield

significantly and will alter drag effects (Mérigaud et al., 2024), the local wavefield cannot be

accommodated in a linear theory framework, as the wave particle velocity underneath the

WEC satisfies the kinematic condition (Equation (2.7b)), implying no drag occurs.

For generality, let v(t) = Re
{
V e−iωt

}
= |V | cos(ωt+γ) symbolise the velocity (V = |− iωζ|),

or relative velocity (V = | − iωζ − U |), where γ is the corresponding phase, so that

Fdrag(t) = −1

2
ρCd πL

2
∣∣v(t)∣∣v(t). (5.9)

The velocity ξ̇(t) = Re
{
−iωζ(ω)e−iωt

}
can feature multiple harmonics due to the non-

linearity introduced by the quadratic drag correction (Mei et al., 2005). However, the time-

averaged power dissipated will depend on the first harmonic at the driving frequency due to

orthogonality of the Fourier series, when driven by a sinusoidal input (Elliott et al., 2015).

Consequently, it is typically assumed that the velocity at the driving frequency dominates the

response so that higher harmonics can be neglected (Mei et al., 2005; Molin, 2023).

Assuming excitation by a regular wave, a linearised drag force Fvis(t) = bvis v(t) is defined

such that the average work done over a period is equivalent to the non-linear drag force (Korde

and Ringwood, 2016; Mei et al., 2005)

1

T

∫ T

0
Fvis v(t) dt =

1

T

∫ T

0
Fdrag v(t) dt (5.10)

1

2
bvis |V |2 = 1

2T
ρCd πL

2 |V |3 8

3ω
. (5.11)

The drag correction bvis depends on the unknown ξ̇(t). To transform Equation (5.6) to the

frequency domain, the coefficients should be independent of ξ(t) to obtain a linear differential

equation with constant coefficients at a specified frequency (Falnes, 2005). Consequently, a

quasi-linear drag correction is defined as the solution to an iterative procedure, which is then

transformed to the frequency domain, as it returns a linear system at each iteration i (Molin,

2023),

b
(i−1)
vis v(i)(t) =

4

3
ρCd L

2 |V (i−1)|Re
{
V (i)e−iωt

}
, for i = 1, 2, . . . I, (5.12)

where I depends on the frequency and convergence criteria. Note that, solutions for regular

waves should not be superimposed to obtain the response in irregular waves, as bvis is not

truly linear.
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5.2.1 Individual stacks in the frequency domain

Solutions are sought in the frequency domain, following Chapter 4, where water motions are

modelled using linear potential-flow theory. Given an incident wave with amplitude Ainc at a

prescribed angular frequency ω, the time-harmonic motions are defined by

Φ(x, y, z, t) = Re

{
gAinc

iω

(
ϕinc(r, θ, z) + ϕdiff(r, θ, z) + ζϕrad(r, θ, z)

)
e−iωt

}
, (5.13)

where g = 9.81m s−2 is gravitational acceleration, i =
√
−1 is the imaginary number and

ζ ∈ C is the heave amplitude. The solution for each stack (Figure 5.1) is obtained in isolation

and later combined using multiple wave scattering theory to retrieve the full wavefield. An

ambient incident wave propagating at χ ∈ (0, π) radians with respect to the positive x-axis

is defined as

ϕamb(r, θ, z) = Z0(z) e
i k0 r cos(θ−χ) = Z0(z)

∞∑
µ=−∞

A0µ Iµ(κ0r) e
iµθ (5.14)

where A0µ = (−1)µ e−iµχ, and Z0(z) is the associated vertical eigenfunction

Zn(z)
∣∣
n=0

=
cosh(kn(z + h))

cosh(knh)

∣∣∣∣
n=0

. (5.15)

The wavenumbers kn are the real (n = 0; k0 ∈ R+ is the propagating mode), and posi-

tive imaginary (n ≥ 1; evanescent modes) roots to the dispersion equation (derived from

Equation (5.2))

ω2 = gk tanh(kh). (5.16)

The wavenumbers κn are defined as κn = −ikn for n ∈ Z ≥ 0.

A local cylindrical coordinate system (rj , θj , z) is defined at the centre of each WEC in the

stack, with the zeroth WEC placed at the origin of the global coordinate system where

x = r cos(θ) and y = r sin(θ). Due to the periodicity, it suffices to consider the solution to the

boundary value problem on a unit cell containing WEC j at its centre. Applying separation of

variables and expressing ϕj as an eigenfunction expansion in cylindrical coordinates (Linton

and McIver, 2001),

ϕj(rj , θj , z) = ϕincj (rj , θj , z) + ϕscatj (rj , θj , z) (5.17a)

=
∞∑
n=0

Zn(z)
∞∑

µ=−∞

(
Cj
nµIµ(κnrj) +Dj

nµKµ(κnrj)
)
eiµθj (5.17b)

where Iµ and Kµ are modified Bessel functions of the first and second kind, respectively,

and of order µ. The unknown scattered coefficients Dj
nµ = Ddiff

nµ + ζjD
rad
nµ are obtained by
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solving the diffraction and radiation problems subject to the respective boundary conditions

(Equation (5.5)), where Drad
nµ is obtained for unit amplitude heave motion. The complex-

valued heave amplitude ζj of WEC j, j ∈ Z, is determined from the equation of motion

[
−ω2(M+ a(ω))− iω (b(ω) +BPTO + bvis(ω)) + C+ CPTO

]
ζj(ω) = F exc

j (ω). (5.18)

The excitation force F exc
j accounts for interactions in the array, and is decomposed as F exc =

feC
j , where fe is a known vector, arising from the hydrodynamic pressure in the diffraction

problem of the isolated WEC (Appendix B.1), and
[
Cj
]
nµ

= Cj
nµ are to be determined.

The left-hand side of Equation (5.18) depends on the hydrodynamic forcing from the ra-

diated wavefield of an isolated WEC with mass M = ρπL3 kg and hydrostatic stiffness

C = ρgπL2Nm−1. The added mass a(ω) and radiation damping b(ω) arise in response

to forced oscillations in heave (Appendix B.1), and are proportional to the acceleration and

velocity of the body, respectively (Linton and McIver, 2001). The quasi-linear drag correction

bvis is obtained through iteration in the full array problem (§ 5.2.2).

The incident potential ϕincj is a superposition of the ambient incident wavefield and the scat-

tered wavefields of the WECs in the stack (l ∈ Z, l ̸= j) (Peter and Meylan, 2010)

ϕincj (rj , θj , z) = ϕamb(rj , θj , z) +
∞∑

l=−∞
l ̸=j

ϕscatl→j(rj , θj , z). (5.19)

WEC l is located at (rj , θj) = (Wjl, ϑjl) in the local coordinates of WEC j (j ̸= l), where

Wjl = |j − l|Wx and

ϑj−l =

π for j > l,

0 for j < l.

The scattered field of WEC l can be expressed as the incident field on WEC j, provided

rl < Wx, using Graf’s addition theorem (Martin, 2006),

Kτ (κnrl)e
iµθl =

∞∑
µ=−∞

Kτ−µ(κnWjl)e
i(τ−µ)ϑj−lIµ(κnrj)e

iµ(π+θj), l ̸= j. (5.20)

Consequently, the incident coefficients in Equation (5.17b) are given by

Cj
nµ = Aj

nµ +
∞∑

l=−∞
l ̸=j

∞∑
τ=−∞

Dl
nτ (−1)µKτ−µ(κnWjl)e

i(τ−µ)ϑj−l (5.21)

where Aj
nµ = 0 for n > 0, and A0

nµ ≡ Anµ is known. The Aj
nµ are obtained through a

phase shift defined by Qj = eikjWx cos(χ) as Aj
nµ = QjAnµ. Similarly, Dj

nµ and Cj
nµ can be

expressed in terms of Cnµ ≡ C0
nµ and Dnµ ≡ D0

nµ due to the periodicity as Cj
nµ = QjCnµ
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and Dj
nµ = QjDnµ. Consequently, the summation over l ∈ Z \ j in Equation (5.21) is pre-

computed following Peter et al. (2006) and Linton (1998) by defining

σnν = (−1)µ
∞∑

l=−∞
l ̸=j

Ql−jKν(κn |j − l|Wx)e
iνϑj−l = (−1)µ

∞∑
l=1

(Ql + (−1)νQ−l)Kν(κn lWx).

(5.22)

To solve the system of equations, the infinite summations are truncated according to the

desired level of accuracy, such that n = 0, 1, . . . , (N0 − 1) and µ = −U, . . . , U . The scattering

properties of the WEC are encoded by a N0 × (2U + 1)-square diffraction transfer matrix B

(Appendix B.1), so that the unknown scattered coefficients are given by

D = BC (5.23a)

= B(A+ σD) (5.23b)

= [I −Bσ]−1BA, (5.23c)

where the N0(2U + 1)×N0(2U + 1) matrices σ, D and C have elements

[σ]nν = σnν , [D]nµ = Dnµ and [C]nµ = Cnµ. (5.24)

The full solution around a stack is obtained by summing the scattered wavefields of all WECs

in the stack in terms of the local coordinate systems (Peter et al., 2006),

ϕ(r, θ, z) = ϕamb(r, θ, z) +
∞∑
n=0

Zn(z)
∞∑

j=−∞
Qj

∞∑
µ=−∞

DnµKµ(κnrj)e
iµθj . (5.25)

Constructive interference between the circular, scattered wavefields of the WECs transforms

the far field into a discrete directional spectrum, in which plane waves propagate away from the

stack in a finite number of directions (Falnes and Budal, 1982) determined by the scattering

angles χm, which satisfy (Peter and Meylan, 2010)

χm = arccos

(
ψm

k0

)
where ψm = k0 cos(χ) +

2mπ

Wx
, m ∈ Z. (5.26)

The set M of real scattering angles corresponds to propagating modes and is defined by

integer values of m such that |ψm| < k0, namely

−1 < cos(χ) +
2mπ

k0Wx
< 1, m ∈ M. (5.27)

Complex scattering angles correspond to evanescent modes that decay with distance from the

stack when |ψm| > k0 (Mulholland and Heckl, 1994), in which case the complex branch of
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arccos is defined by (Peter et al., 2006)

arccos(ς) =

i arccosh(ς), ς > 1,

π − i arccosh(−ς) ς < −1
(5.28)

with arccosh(ς) = log(ς +
√
ς2 − 1) for ς > 1. A plane-wave expansion (PWE) is derived

following Peter et al. (2006) by replacing the modified Bessel functions with an integral

representation, extended to include decaying vertical modes, such that

ϕ(r, θ, z) =


Z0(z)e

ik0r cos(θ−χ) +
∞∑
n=0

Zn(z)
∞∑

m=−∞
Rmn e

iknr cos(θ+χmn) y < −L

∞∑
n=0

Zn(z)
∞∑

m=−∞
Tmn e

iknr cos(θ−χmn) y > L

(5.29)

where χmn = arccos(ψm/kn) and the amplitudes of the reflected and transmitted wave modes

propagating or decaying in the ∓ y–direction, respectively, are

Rmn =
iπ

knWx

1

sin(χmn)

∞∑
µ=−∞

Dnµ e
−iµχmn (5.30)

Tmn = δn +
iπ

knWx

1

sin(χmn)

∞∑
µ=−∞

Dnµ e
iµχmn , (5.31)

where δn = 1 for n = 0, and zero otherwise. Truncating the infinite number of scattering

angles to −p ≤ m ≤ q, where m ∈ Z and p, q ≥ 0, such that M = p + q + 1 includes both

real and complex scattering angles, and the number of vertical modes to n = N1 ≤ N0, the

reflection and transmission coefficients in the PWE are used to assemble a scattering matrix

which relates the amplitudes of incoming waves to outgoing waves (Peter and Meylan, 2010),

S =

[
R T

T R

]
such that

[
f+
1

f−
0

]
= S

[
f+
0

f−
1

]
. (5.32)

The (MN1×MN1) reflection (R± = R) and transmission (T± = T ) matrices have elements

defined by Equations (5.30) and (5.31).

The incoming and outgoing amplitudes f±
s are associated with wave modes that propagate

or decay in the ± y–direction in the generalised PWE for the wavefield, such that

ϕ(r, θ, z) =

N1−1∑
n=0

Zn(z)

q∑
m=−p

(
f+mne

iknr cos(θ−χmn) + f−mne
iknr cos(θ+χmn)

)
for y < −L (5.33)

corresponding to f±
0 (s = 1 behind the stack; y > L). Propagating modes are associated
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with χm0 ∈ R, and decaying modes with χmn ∈ C for n ≥ 0. On the target frequency

band, ω ∈ [0.3, 0.65] rad s−1, all stacks considered have a single, real scattering angle, which

is consistent with the incident angle, and corresponds to one propagating direction. However,

decaying modes are included to capture interactions between resonant stacks accurately.

5.2.2 Combining multiple stacks into an array

The reflection and transmission matrices for each stack are iteratively combined following

Mulholland and Heckl (1994) to form the reflection (R±
(1,s)) and transmission (T ±

(1,s)) matrices

encapsulating the scattering of stacks 1 to s, for s = 2, . . . , S, defined by

R+
(1,s) = R+

s + T+
s QR+

(1,s−1)Q
[
I −R−

s QR+
(1,s−1)Q

]−1
T−

s (5.34)

T −
(1,s) = T −

(1,s−1)Q
[
I −R−

s QR+
(1,s−1)Q

]−1
T−

s (5.35)

R−
(1,s) = R−

(1,s−1) + T −
(1,s−1)QR−

s

[
I −QR+

(1,s−1)QR−
s

]−1
T +

(,1s−1)Q (5.36)

T +
(1,s) = T+

s

[
I −QR+

(1,s−1)QR−
s

]−1
T +

(1,s−1)Q (5.37)

whereR±
(1,1) = R1 and T ±

(1,1) = T 1. The diagonal matrixQ has elementsQmn = eiknWy sin(χmn)

which encode the phase change over a unit cell in the y–direction. The scattering matrix of

the array is defined by

S =

R−
(1,S) T −

(1,S)

R+
(1,S) T +

(1,S)

 such that

f+
S

f−
0

 = S

f+
0

f−
S

 . (5.38)

The amplitudes of the wavefield between stacks are (Bennetts and Squire, 2009)

f+
s =

[
I −R+

(1,s−1)QR−
(S,s)Q

]−1 [
T +

(1,s−1)f
+
0 +R+

(1,s−1)QT −
(S,s)f

−
S

]
(5.39)

f−
s =

[
I −R−

(S,s)QR+
(1,s−1)Q

]−1 [
R−

(S,s)QT +
(1,s−1)f

+
0 + T −

(S,s)f
−
S

]
, (5.40)

with f±
(s−1) denoting the wavefield before stack s, and f±

s , the wavefield after, for s =

1, 2, . . . , S. The scattered amplitudes for stack s are obtained from Ds = B(f+
s−1 + Qf−

s ),

with the amplitude of WEC j in stack s retrieved from

ζjs = ζjsσDs + ζjs(f
+
s−1 +Qf−

s ), (5.41)

and calculated iteratively due to the drag correction bvis. The vector of heave amplitudes ζjs

is obtained from Equation (5.18) for an unspecified incident wave fe (Appendix B.1). An

initial estimate b̂svis is generated using Equation (5.18) with bsvis = 0 for ζjs in each stack, for

s = 1, 2, . . . , S. Algorithm 2 is implemented until a prescribed convergence criterion is met.
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Algorithm 2: The iterative process described by Bacelli and Ringwood (2013) is adapted

to determine bsvis and ζs of the zeroth WEC in each stack s, s = 1, . . . , S within the array.

while |bsvis − b̂svis| > 0.1, let bvis = b̂vis;

Determine ζs =
[
−ω2(M+ a(ω))− iω (b(ω) +Bs

PTO + bsvis(ω)) + C+ Cs
PTO

]−1
fe;

Calculate Ds = [I −Bσ]−1B(f+
s−1 +Qf−

s );

Retrieve the buoy amplitudes ζs = ζsσDs + ζs(f
+
s−1 +Qf−

s );

Update b̂svis = 4Cd ρL
2 | − iωζs|/3;

end

The wave particle velocity in the vertical direction at WEC j in stack s (omitting s superscript

for ease of notation) is defined in terms of the external potential (defined for r ≥ L),

∂Φinc

∂z

∣∣∣∣
(r0,θ0,z0)

= Re

{
g

iω

∞∑
n=0

kn
sinh(kn(z0 + h))

cosh(knh)

∞∑
µ=−∞

Cj
nµIµ(κnr0)e

iµθ0e−iωt

}
(5.42a)

= Re
{
U(ω)e−iωt

}
= u(t), (5.42b)

as per the assumption that the incident field is unperturbed by the scattering of WEC j

(otherwise the kinematic condition enforces zero drag). The drag correction based on the

relative velocity bsvis =
4

3
ρCd L

2 | − iωζs −U | is similarly obtained through Algorithm 2, with

Cd adjusted for the altered model, and the excitation force amended to

F exc
s (ω) =

[
fe + bsvis(ω)

gk sinh(k(h− z0))

iω cosh(kh)

]
C, (5.43)

where C is resolved through multiple scattering (incident field on WEC j, given the interac-

tions within the array). At z0 = 0, Equation (5.42b) is equivalent to the time derivative of

the surface elevation (using Equation (5.16)). Breaching events are defined as any crossing of

the free surface (measured at the centre of each WEC (rj , θj , z) = (0, 0, 0)) for t ∈ [0, 2π/ω]

as

breaching occurs if

Re
{
ζe−iωt

}
< Re

{
ηe−iωt

}
− L, when Re

{
ζe−iωt

}
< 0

Re
{
ζe−iωt

}
> Re

{
ηe−iωt

}
+ L, when Re

{
ζe−iωt

}
≥ 0.

(5.44)

The non-dimensionalised absorption (proportion of power captured) is obtained by summing

the power extracted by the WECs in the zeroth cells of all stacks in the array and expressing

it as a proportion of the power available across a unit cell width of the incident wave crest

α =

[
1

2

S∑
s=1

Bs
PTO ω

2 |ζs|2
]/ [ ω

4k0

(
1 +

2k0h

sinh(2k0h)

)
|Ainc|2Wx sin(χ)

]
. (5.45)

Equation (5.45) is equivalent to α0 = 1− |R|2 − |T |2 when Cd = 0, where R and T are the
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propagating modes of the reflection and transmission in Equation (5.38). However, α0 =

1 − |R|2 − |T |2 includes dissipative losses when Cd ̸= 0 (i.e., it is non-conservative when

BPTO = 0), and no longer represents efficiency (power capture).

In a finite array with J WECs, the scattered coefficients of each WEC are obtained from

[D1 D2 · · · DJ ]⊤ = [ I −B ]−1 [B1A1 B2A2 · · · BJAJ ]⊤, (5.46)

given the incident amplitudes defined by
[
Aj
]
nµ

= exp (ik0W0j cos(ϑ0j − χ))Anµ, where

(W0j , ϑ0j) specifies the position of WEC j in global coordinates (Kagemoto and Yue, 1986).

The matrix B has elements [B]jl = Bjσjl, where σjl = (−1)τKµ−τ (κnWjl)e
i(µ−τ)ϑj−l is the

N0 × (2U +1)-square separation matrix (Martin, 2006), and I is the identity matrix. A drag

correction for each WEC is determined by applying Algorithm 2 to all WECs simultaneously.

5.2.3 Drag coefficients

A drag coefficient of Cd = 0.6, which is likely to be appropriate for a WEC in turbulent flow

(Douglas et al., 1986), is applied in addition to an experimentally obtained Cd = 2 for a trun-

cated cylinder of similar diameter (Molin, 2023). The experimental data reported by Molin

(2023) is further used to fit Crel
d = 2.3 to the drag correction derived from Equation (5.8)

(relative velocity), to demonstrate the equivalence of results. Experimental drag coefficients

are often derived from physical models scaled by Froude similarity. Since gravitational accel-

eration and viscosity are constant across scales, a sufficiently large geometric scale is required

to maintain kinematic similarity with a Reynolds number Re = u2L/ν ≳ 105, where ν is

the kinematic viscosity, for the ratio of viscous to gravity forces to be consistent with the

turbulent flow (drag from pressure rather than friction) typical of WEC prototypes (Clauss

et al., 1992; Molin, 2023; Schmitt and Elsäßer, 2017; Sheng et al., 2014). Small geometric

scales inadvertently increase drag coefficients (Gu et al., 2018) if the Reynolds number is too

low (Chakrabarti, 2005; Journée and Massie, 2001).

At field scale, Cd generally decreases as the flow transitions from laminar to turbulent, con-

verging to Cd = 0.6 at Re ≳ 105 (Clauss et al., 1992; Molin, 2023; Sarpkaya, 2010). Numerical

wave tanks have the advantage of simulating field scale, or scaling viscosity to satisfy Froude

and Reynolds scaling (e.g., Windt et al., 2021). However, truncated cylinders with sharp

corners create vortices (Tom and Yeung, 2013; Yeung and Jiang, 2014), leading to high drag

coefficients (e.g., Cd = 2) that are virtually independent of the Reynolds number, as a re-

sult of flow separation (Molin, 2023; Schmitt and Elsäßer, 2017). In practice, the corners of

truncated cylinders are rounded for drag reduction (Stansby et al., 2015), which reduces Cd

(Molin, 2023), with even minor rounding in physical models reducing drag (e.g., Palm et al.,

2016). Consequently, the experimental Cd = 2 could mean that drag has an outsized effect
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on results, as a truncated cylinder experiences higher drag than rounded geometries, which

are more typical of heaving buoys (Tom and Yeung, 2013; Yeung and Jiang, 2014).

5.3 Infinite arrays

5.3.1 Reflection, transmission and WEC amplitudes

The graded array in Table 5.1 is designed to create low transmission over the target interval

to support efficient, broadband absorption, as demonstrated in Chapter 4 when Cd = 0. The

incorporation of the drag correction into the model (Cd ̸= 0) alters the WEC motions around

resonance. The amplification of WEC motions relative to the incident wave amplitude rapidly

decline as the incident amplitude increases, and the zero in transmission and peak in reflection

associated with each stack resonance are lost. Consequently, the reflection and transmission

of the graded array are altered, as shown in Figure 5.2 when Bs
PTO = 0 for s = 1, . . . , 6, and

using Cd = 2 to emphasise the altered properties (Figure C.1 shows Cd = 0.6).

(a)

(b)

Figure 5.2: The (a) transmission |T |2 (blue) and (b) reflection |R|2 (red) for the graded array of six
stacks in Table 5.1 (when Bs

PTO = 0 ∀s) is shown when Cd = 0 (shaded) and when Cd = 2 (lines), for
Ainc = 0.01 ( ), 0.1( ) and 1 ( )m.

Low transmission is maintained in the local bandgap when Cd ̸= 0. As the incident amplitude

increases, the large WEC motions required to radiate waves that cancel the incoming wavefield

cannot be realised (particularly at low frequencies), and the limits of the bandgap become

less clearly defined. A substantial proportion of the wave energy that would be reflected as a

result of the grading is dissipated by drag within the array, causing the reflection coefficient

to flatten as the incident amplitude increases. The effect of drag is less pronounced (more

similar to Cd = 0) away from resonance, at low incident amplitudes, and at higher frequencies.

This is evident in the Bragg bandgap, which arises from the periodicity rather than WEC

motions, but is affected by the altered reflection properties of the WECs (Linton, 2011).
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Table 5.1: The resonant frequency ω0 and PTO parameters of the six stacks in an array with Wx =
30m and Wy = 40m. In the uniform array, stacks are tuned identically and Bs

PTO is optimal for a
stack in isolation. In the graded array, Bs

PTO are selected such that |R(ω0)|2 ≈ 0 when Cd = 0.

Graded array

stack s 1 2 3 4 5 6

ωs
0 rad s−1 0.611 0.567 0.511 0.418 0.342 0.299

Cs
PTO kN m−1 −538 −572 −611 −670 −709 −728

Bs
PTO kN s m−1 111 52.3 60.3 56.3 40.2 13.7

Uniform array (all stacks) tuned to ω0

ωs
0 rad s−1 0.650 0.475 0.300

Cs
PTO kN m−1 −506 −635 −727

Bs
PTO kN s m−1 63.9 50.1 47.8

The grading of the array becomes less critical to achieving low transmission over the target in-

terval as drag effects increase. This is illustrated in Figure 5.3 by contrasting the transmission

of the graded array with a uniform array tuned to ω0 = 0.475 rad s−1, for an incident wave

with Ainc = 1m at Cd = 0.6 and Cd = 2. Incorporating drag broadens the local bandgap (re-

sponsible for |T |2 ≈ 0) of a uniform array appreciably. The extended, effective local bandgap

obtained by grading becomes less notable, and limited to approximately a third of the target

interval when Cd = 2. In comparison, the effective bandgap is over four times wider than the

uniform array’s bandgap when Cd = 0 (shaded). The graded array maintains a wider local

bandgap than a uniform array over the entire range of Cd and Ainc.

Figure 5.3: The transmission of a graded and uniform array (six stacks, Wx = 30m and Wy = 40m),
is shown when Cd = 0 (shaded), Cd = 0.6 and Cd = 2 (lines) for Ainc = 1m.

The changes to reflection and transmission behaviour arise from the WEC amplitudes, which

are shown, with and without drag, in Figure 5.4. When Cd = 0, amplified WEC motions

in a uniform array at resonance induce a relatively narrow bandgap, where motions drop to

zero. Array resonances arise from the spacing between rows (Wy) causing amplified motions

for ω ∈ (0.56, 0.8] rad s−1 (peaks in transmission above ω ≈ 0.55 rad s−1). In contrast, the

graded array produces a series of resonant peaks across the effective bandgap (to be harnessed



CHAPTER 5. RAINBOW ABSORBING ARRAY WITH A DRAG CORRECTION 112

for efficient power capture), and restricts array resonances to lie above the target frequency

range, while also altering their properties (e.g., narrows their resonance bandwidth).

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 5.4: The WEC amplitudes |ζ| of the zeroth WEC in each stack of a graded (a)–(f) and uniform
array (g)–(l) of six stacks (Wx = 30m and Wy = 40m), is shown when Cd = 0 (shaded), Cd = 0.6

( ) and Cd = 2 ( ).

The distinct behaviours of graded and uniform arrays are gradually eroded as the impact of

drag increases (at higher Cd and/or Ainc). The graded array maintains higher amplitudes at

low frequencies, which are responsible for the increased width of the local bandgap. However,

the broadened, but dramatically reduced WEC motions on the interval are less distinguish-

able from the uniform array, where peaks associated with each of the passbands merge, with

only minimal evidence of the bandgap. The Bragg bandgaps are identical (same periodicity).

5.3.2 Absorption

Figure 5.5a shows the broadband absorption of the graded array (Table 5.1) when Cd = 0.6,

which declines as the incident amplitude Ainc increases. The average absorption α̂ over the

target interval ω ∈ [0.3, 0.65] rad s−1 remains high (relative to the α̂ at χ = π/2 rad) across

a wide range of incident wave directions (Figure 5.5b). The efficiency is determined by the

amplifications of WEC motions at resonance, which depend on Ainc due to the non-linearity
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(a) (b)

Figure 5.5: The absorption (a) α of the graded array (Table 5.1) is shown as a function of the
incident amplitude Ainc (m) on the target interval ω ∈ [0.3, 0.65] rad s−1 when Cd = 0.6. The average
absorption over the target interval, α̂, is plotted in (b) as a function of the incident wave angle χ (rad).

of the drag correction, and are shown in Figures 5.6a–f as the non-dimensional response

amplitude operators (RAO = |ζ|/Ainc) of the zeroth WECs in stacks 1–6.

(a) stack 1 (b) stack 2 (c) stack 3

(d) stack 4 (e) stack 5 (f) stack 6

Figure 5.6: The RAOs (|ζ|/Ainc) of the zeroth WEC in stacks 1-6 (a)–(f) of the graded array (Table 5.1)
are shown as a function of the incident wave amplitude Ainc (m) for ω ∈ [0.3, 0.65] rad s−1 when

Cd = 0.6. Breaching is indicated by ◦. No breaching occurs for Ainc ≤ 0.25m.

High efficiency absorption requires large amplifications of the WEC motions relative to Ainc.

The WEC motions become larger as Ainc increases, leading to higher drag which causes

the RAOs around resonance to gradually decline, thereby lowering absorption. The RAOs

remain relatively consistent away from resonance, and decline more slowly as Ainc increases

for stacks with higher resonant frequencies. Consequently, high absorption is better retained

at high frequencies as Ainc increases, where drag has less effect. The RAOs and absorption



CHAPTER 5. RAINBOW ABSORBING ARRAY WITH A DRAG CORRECTION 114

decline more rapidly as Ainc increases when Cd = 2 (not shown), so that the solutions for

Ainc ∈ [0.01, 0.25]m when Cd = 2 are similar to Ainc ∈ [0.01, 1]m with Cd = 0.6.

The average absorption is sensitive to Cd, as illustrated in Figure 5.7, and initially declines

more rapidly as Ainc increases for higher Cd values. For example, almost half of the decline in

absorption over Ainc ∈ [0.01, 1]m when Cd = 0.6 occurs over Ainc ∈ [0.01, 0.1]m when Cd = 2.

The average absorption at Cd = 2 is shown to be virtually unchanged by altering the drag cor-

rection (Equation (5.7b)) to incorporate the relative velocity of each WEC (Equation (5.8)),

given an appropriate, recalibrated Crel
d = 2.3 is applied to the relative motion (§ 5.2.3).

Figure 5.7: The average absorption α̂ of the graded array (Table 5.1) on ω ∈ [0.3, 0.65] rad s−1 decreases
as the incident amplitude Ainc increases as a result of drag. Larger drag coefficients Cd accelerate the

decline. Drag proportional to the relative velocity (Crel
d ) produces virtually equivalent α̂.

To contextualise the efficient, broadband absorption of the graded array, the absorption of

uniform arrays (stacks tuned identically) is compared to the graded array in Figure 5.8 at se-

lected incident wave amplitudes. The PTO parameters for the uniform arrays (Table 5.1) are

optimal for a stack in isolation, and three different resonant frequencies (ω0 = 0.3, 0.475 and

0.65 rad s−1, respectively) are selected to compare the performance across the target interval.

The graded array achieves higher absorption across the target frequency interval, with the

exception of ω ∈ [0.3, 0.32] rad s−1, where the uniform array tuned to ω0 = 0.3 rad s−1 reaches

higher absorption from a combination of higher amplitudes and PTO damping.

Like the graded array, the amplifications of WEC motions at resonance in the uniform arrays

decline as the incident amplitude increases and drag increasingly penalises larger motions,

resulting in declining absorption, but broadened responses. Drag has relatively small influence

away from resonance. Uniform arrays with a suitable combination of spacing and resonant

frequency are able to utilise array resonances (from the spacing between rows) for a second

peak in absorption (at ω ≈ 0.45 and 0.6 rad s−1 in Figures 5.8b and c, respectively). However,

the semi-constant absorption of uniform arrays tuned to ω0 = 0.3 and 0.475 rad s−1 at Cd = 2

and Ainc = 1m raises concerns as to the model validity, as WEC motions are amplified across

the entire interval due to arguably excessive broadening from drag.

The drag correction penalises the graded array to a greater extent than a uniform array, as

it is designed to sustain resonant conditions across the entire target interval, and does not
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(a) (b) (c) (d)

Figure 5.8: The absorption α of the (a) graded array is compared to uniform arrays tuned to (b)
ω0 = 0.3 rad s−1, (c) ω0 = 0.475 rad s−1, and (d) ω0 = 0.65 rad s−1 at Ainc = 0.01, 0.1, 0.55, and 1m
when Cd = 0.6 ( ) and Cd = 2 ( ). General, α is higher and broader for the graded array at each

Ainc, but initially declines more rapidly on ω ∈ [0.3, 0.4] rad s−1 for Ainc ∈ [0.01, 0.1]m.

benefit from broadened responses, as the design ensures it is already sufficiently broad to cover

the target interval. Resonant motions are similarly reduced in uniform arrays, but cover a

smaller proportion of the target interval (non-resonant motions cover around one third of the

interval, and are far less affected by drag), and the array benefits from broadened responses

which helps buffer absorption losses. These differences are seen by comparing the declines in

absorption over Ainc ∈ [0.01, 0.1]m for ω ∈ [0.3, 0.4] rad s−1 in Figures 5.8a, c and d.

To quantify the overall benefit to grading an array, the average absorptions of the graded and

uniform arrays over the target frequency interval are compared in Figure 5.9 as the impact of

drag increases with Ainc, for Cd = 0.6 and Cd = 2. Higher absorption at Cd = 0.6 is driven by

larger WEC amplitudes. The benefit to grading an array gradually declines as the impact of

drag increases, largely as a result of the disproportionate loss at low frequencies (Figure 5.8),

and the broadened responses in the uniform arrays. The absorption of a uniform array tuned

to ω0 = 0.65 rad s−1 is determined solely by the stack resonance (not array resonances), and

therefore remains narrower than the graded array (Figure 5.8). The ratios of the average

absorption of the graded array to the uniform arrays rapidly attain a convergent-like state at

both low and high Cd values, with a minimum of a 20% benefit obtained by grading.

The graded and uniform arrays experience breaching on the considered range of Ainc (Ainc ≤
1m). When breaching occurs, linear theory is no longer applicable, and an alternative model

should be considered to cater for non-linear effects that arise. Consequently, the maximum

incident wave amplitude is restricted to Ainc ≤ 0.25m when Cd = 0.6 (Ainc ≤ 0.5m when

Cd = 2) to avoid breaching.
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(a) (b)

(c) (d)

Figure 5.9: The average absorption α̂ of the graded array over the target interval ω ∈ [0.3, 0.65] rad s−1

is compared to three different tunings of a uniform array when Cd = 0.6 in (a) and (c), and when
Cd = 2 in (b) and (d). The relative benefit obtained by grading is illustrated in (c) and (d) using the
ratio of α̂ for the respective arrays, with the grading increasing α̂ by 20–110% depending on Ainc.

5.4 Finite arrays

To generate practical designs for WEC-arrays, the infinite number of WECs in each stack

is truncated to form a finite array. Good correspondence with the infinite, graded array is

obtained with only a few WECs per row. This is illustrated in Figure 5.10 for an array of

30 WECs (PTO parameters in Table 5.1) and an incident wave amplitude of Ainc = 0.25m,

when Cd = 0.6. The drag corrections reduce the amplified motions of WECs, located along

the perimeter of the array, that arise from edge effects in the finite array. Edge effects are

evident (e.g., at high frequency resonances in rows 2 and 3), but are proportionally smaller

than the zero-drag model, especially at low frequencies where drag has a larger impact.

Equation (5.45) does not provide a suitable non-dimensionalised absorption for finite arrays,

as χ → 0 is not generally associated with |ζ| → 0 (Evans, 1981b). Consequently, a relative

capture width CWfinite is defined as the proportion of power in the incident waves that is

captured, relative to the array width (JWx/S) (McIver, 1994),

CWfinite =

1
2

J∑
j=1

Bj
PTO ω

2 |ζj |2
/[ ω

4k0

(
1 +

2k0h

sinh(2k0h)

)
|Ainc|2 J Wx/S

]
, (5.47)

where S is the number of rows. Unlike Equation (5.45), CWfinite can exceed one, as the finite

array captures energy that is incident upon its edges. The relative capture width encapsulates
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(a) (b) (c)

(d) (e) (f)

Figure 5.10: The amplitudes |ζ| (m) of the five WECs per row are shown in (a)–(f) for an incident
wave with Ainc = 0.25m, when Cd = 0.6. Breaching is indicated by ◦, and is confined to ω ∈
[0.3, 0.32] rad s−1 in the sixth row. Higher |ζ| occur in the finite array, but closely resemble the

behaviour of |ζ| in the infinite array (∞ WECs).

the key trends demonstrated by absorption, and the power capture of the finite array (in

Figure 5.10) behaves similarly to the infinite array when Cd = 0.6, as shown in Figure 5.11.

As the incident wave angle decreases, increasingly many WECs in each row experience edge ef-

fects (not shown). This produces greater variation in the relative capture width, as illustrated

in Figure 5.11 for three different wave directions and incident amplitudes. The individualised

drag corrections disproportionately decrease the amplitudes of the low-frequency WECs, re-

sulting in a greater decline in CWfinite at lower frequencies. As A
inc and/or Cd increases, less

variation occurs (as χ→ 0) as drag suppresses edge effects and amplified WEC motions to a

greater extent. Generally, breaching occurs more frequently as χ→ 0 due to edge effects.

(a) (b)

Figure 5.11: The relative capture width of the finite array CWfinite (a) demonstrates the same traits
as α in Figure 5.6 as Ainc increases, when Cd = 0.6. Breaching events are indicated by ◦. As the
incident wave direction decreases (b), CWfinite decreases, particularly at low frequencies and small
incident amplitudes, where highly amplified WEC motions and edge effects are penalised by drag.
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Comparisons between the relative capture widths of the graded and uniform arrays are shown

in Figure 5.12. Unlike the graded array, the CWfinite of the uniform arrays demonstrates

notable differences to the absorption of the corresponding infinite arrays (Figure 5.8). For

consistency, the optimal tuning for a stack in isolation (Bstack
PTO ) is applied to the finite uniform

arrays. It is unlikely that this tuning is optimal for an array. However, Bstack
PTO produces higher

absorption than the optimal PTO damping for an isolated WEC (Bbuoy
PTO = b(ω0)), which is

commonly applied to uniform arrays in the literature (e.g., Child and Venugopal, 2010; Tokić

and Yue, 2019), predominantly due to higher PTO damping (Appendix C.2).

(a) (b) (c)

(d) (e) (f)

Figure 5.12: The relative capture width CWfinite of the finite graded array (black ) on the target
interval ω ∈ [0.3, 0.65] rad s−1 is compared to uniform arrays tuned to (a) ω0 = 0.3 rad s−1, (b)
ω0 = 0.475 rad s−1, and (c) ω0 = 0.65 rad s−1, when Cd = 0.6 and Ainc = 0.25m. The corresponding
zero-drag solutions are shown in (d)–(f). The CWfinite of uniform arrays is depicted when the PTO
damping is optimal for a stack in isolation ( ; relative to the radiation damping of an isolated buoy),

and when the PTO damping is optimal for a WEC in isolation ( ).

The uniform array tuned to ω0 = 0.65 rad s−1 behaves consistently with the corresponding

infinite array (Figures 5.8d and 5.12c), aside from higher WEC motions in the finite array

increasing the peak absorption. As ω0 decreases, the finite uniform arrays increasingly deviate

from the behaviour of the infinite arrays. The WEC amplitudes (not shown) are amplified

so that the resonant peak in CWfinite exceeds that of the graded array (Figure 5.12), and

display resonant motions present in the non-absorbing infinite array (as in Figure 5.4). Array
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resonances are absent in the finite uniform arrays, which removes the potential for a second

peak of efficient power capture (also true for zero-drag; Figures 5.12d–5.12f).

The appearance of array resonances in the finite uniform arrays depends on the number of

WECs per row, and the strength with which rows reflect (Appendix C.2). For each additional

WEC that is added to a row, the behaviour of the finite array better resembles the infinite

array. A second peak in the relative capture width begins to emerge at ten WECs per row,

but at 15 WECs per row, is still substantially smaller (approximately 20% lower; not shown)

than the resonant peak, which becomes narrower and declines, reaching a comparable level to

the graded array. The relative capture width of the graded array approaches the absorption

of the corresponding infinite array as the number of WECs increase.

The broadband absorption generated by the rainbow absorbing, graded array outperforms

the uniform arrays, and achieves higher efficiency over the majority of targeted frequencies.

There is a greater benefit to grading at low incident amplitudes, as the responses of uniform

arrays broaden substantially as the model becomes increasingly drag-dominated. In this

regime, power capture becomes highly sensitive to the PTO damping. This is evident in

Figure 5.12, where larger PTO damping broadens and raises CWfinite when Cd = 0.6 (less so

at ω0 = 0.65 rad s−1, which experiences the least drag), compared to Cd = 0, where the peaks

remain consistent. This behaviour is exacerbated by larger Ainc or Cd = 2 (Appendix C.2),

but remains reasonable when restricting the incident amplitudes so as to prevent breaching.

5.5 Discussion and conclusions

A rainbow absorbing array of heaving buoys was shown to maintain broadband absorption

when a drag correction to the WEC motions was incorporated in the model, which was

otherwise based on linear theory. Amplified WEC motions were reduced as the incident wave

amplitude increased, causing power capture to decline as an increasing amount of energy was

dissipated by drag, but continued to support the underlying band structures responsible for

broadband absorption. The average absorption over the target interval remained at least 20%

higher than a uniform array. Restrictions on the incident amplitude were required to avoid

breaching. The strategies transferred successfully to relatively small finite arrays, where the

grading ensured broadband absorption with higher efficiency across the majority of the target

interval when compared to three different tunings of a uniform array on the target interval.

The design of WECs is likely to ensure minimal drag (Guo and Ringwood, 2021), where

a greater benefit can be derived by grading an array. However, breaching can become a

concern due to substantially amplified motions. WECs which are stronger radiators require
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lower amplitudes for high efficiency (Mei et al., 2005), so that larger WECs, and deeper

draughts, are more likely to reduce breaching occurrences. Similarly, a closer within-row spac-

ing (Wx) strengthens reflective properties. A uniform tuning will inherit the same properties

(stronger reflection broadens responses), so that the benefit to grading will not necessarily

improve. However, deeper draughts will narrow the resonance bandwidth (Falnes and Hals,

2012; Ruezga and Cañedo C., 2020), requiring additional rows for low transmission over a

broad frequency range. Similar arguments are likely to apply to different WEC concepts.

In addition to ensuring efficient, broadband absorption over two thirds of usable ocean wave

frequencies, the rainbow absorbing array lowers transmission appreciably in an appropriate

parameter regime, which is generally considered to be a mark of coastal protection capability

in the literature (Boodoo et al., 2025). In contrast, uniform arrays achieve low transmission at

the expense of power capture for frequencies lying in bandgaps (wave shadowing inhibits power

generation), while the wavefield can be amplified outside this frequency range. Optimising

the grading will improve capture as the PTO parameters were determined for zero drag.

Small changes to the PTO damping can have a sizeable effect on power capture (e.g., compared

to altered spacing or tuning), and given the uncertainties associated with the drag model,

it is unclear whether or not this artificially inflates power. To draw concrete conclusions,

it may be preferable to adopt a more complex model which captures hydrodynamic and

other non-linearities, including from the PTO mechanism and mooring, which influence power

capture (Folley, 2016; Wolgamot and Fitzgerald, 2015). Similarly, implementing constraints

on allowable WEC motions to prevent breaching is necessary to assess the effectiveness of

graded arrays at higher incident amplitudes.

In conclusion, we have shown that relatively small arrays of heaving buoys can achieve effi-

cient, broadband absorption by grading their resonant properties using fixed PTO parameters.

In general, a closer spacing between WECs and lower incident amplitudes support greater ef-

ficiency over broader frequency and directional bands. The design remains effective outside

of these conditions, but the benefit gained through grading reduces as WEC motions become

increasingly restricted by drag effects. However, the grading ensures efficient capture over

two thirds of usable ocean wave frequencies, without dynamic tuning of the PTOs.
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Conclusions

Arrays of heaving buoys were designed for high efficiency power capture over broad frequency

and directional bands by grading their resonant properties using attached PTO mechanisms.

Linear theory and semi-analytic methods were applied to generate the rainbow absorbing

design, which demonstrated efficient, broadband absorption over two thirds of usable ocean

wave frequencies using fixed PTO parameters, and was robust to a drag correction. The

frequency range coincides with storm swells associated with erosion, so that the properties

of the array design have the potential to support coastal protection, which will enhance

economic viability. The grading of arrays was shown to be a promising and robust strategy

for broadband absorption, without requiring dynamic control based on short-term forecasts.

6.1 Summary of results

An understanding into the mechanisms underlying the ability to generate near-perfect, broad-

band absorption by grading arrays of heaving buoys was developed using a 2D model. The

resonances were manipulated to create destructive interference for control over transmission,

and the PTO damping was chosen to harness localised amplifications, capturing reflected

wave energy. The strong reflection of 2D WECs proved effective for achieving broadband

absorption with over 99% efficiency, but created strong hydrodynamic interactions between

WECs that complicated the identification of appropriate PTO parameters. An analysis of

the complex-valued reflection and transmission coefficients attributed the interactions to res-

onances from the second passband (governed by the spacing) restricting the target interval,

causing closely spaced pole–zero pairs to interfere with one another and alter the resonant

properties of WECs. The closer the spacing between WECs, the broader the frequency range

that can be targeted.

To apply the concepts for rainbow absorption to a 3D model, infinitely many 3D WECs were

periodically arranged to form (a finite number of) stacks. The spacing was chosen to ensure 2D

propagation in the far field over the target interval and incident wave directions considered,

and to control reflection properties for the effective manipulation of band structures. The

computationally efficient formulation facilitated the development of strategies for broadband

absorption, which achieved an average absorption exceeding 90% over a wide range of wave

121
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directions, without optimisation. The PTO parameters were shown to generate rainbow

absorption in finite arrays, leading to the efficient capture of directionally spread spectra with

peak periods covering two thirds of usable frequencies, and outperforming uniform arrays

tuned to the peak period of each incoming spectrum.

Rows of 3D WECs are weaker reflectors than 2D WECs, and allow for the relaxation of

strict spatial constraints due to the absence of strong interactions between WECs and array

resonances. For example, a spacing comparable to half of the WEC length was required in

2D, whereas spacings up to four times the WEC diameter remained effective in 3D. As the

spacing within a row widens, more power is available to the array, but transmission rises, and

the number of rows must increase to regain high efficiency. However, the WEC amplitudes

increase to compensate for weaker reflection at wider spacings within a row.

The amplified WEC motions (relative to the incident wave amplitude) at resonance violate

the assumptions of linear theory (WEC motions are smaller than WEC dimensions (Molin,

2023)) if not restricted to very small incident amplitudes (steepness kA≪ 1 (Mei et al., 2005)).

The inclusion of a drag correction in the 3D model reduced amplifications around resonance

as the incident amplitude increased, extending the range of incident amplitudes on which

solutions remain valid, but impacted the reflection and transmission of the array. Generally,

low transmission was well-maintained, with the exception of low frequencies, where sufficiently

large WEC motions were not supported. However, the reflected wave energy decreased as the

incident amplitude increased, which reduced the power available for capture. Consequently,

the grading maintained broadband absorption over a range of wave directions, but efficiency

was reduced. The grading improved efficiency by at least 20% compared to uniform arrays,

in which the PTO was chosen to be optimal for a stack in isolation.

6.2 Key findings, significance and contribution

The spacing in a graded array is critical to achieving efficient, broadband absorption. To

enhance the effectiveness of strategies, it is recommended that the spacing between WECs is

kept as small as possible, noting that a maximum spacing will exist, beyond which the grading

will lose effectiveness. The number of rows, and WECs within a row, required to produce

high efficiency power capture will depend on the strength of reflection, which is determined

by the resonance bandwidth of WECs and spacing within a row. The stronger the reflection,

the fewer rows required for broadband absorption. The spacing between rows controls the

location of Bragg resonance, and will determine whether array resonances encroach on the

target interval. The grading can be extended to cover the Bragg bandgap, but power capture

will drop over the frequency range associated with the array resonances. The wider the

spacing, the further down the targeted interval the loss will occur.
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A relatively close, or compact spacing, works to the advantage of rainbow absorption and

has cost and coastal protection benefits. In particular, compact spacing is recommended on

the basis of the economic cost associated with infrastructure and efficiency relative to ocean

area (Engström et al., 2013; Göteman et al., 2020). To meet economic objectives, multi-row

arrays that are sub-optimal for power capture, can be preferable (David et al., 2022) due

to the economic cost associated with the large spacings recommended to limit destructive

interactions for maximum power capture (Babarit, 2013; Teixeira-Duarte et al., 2022). Addi-

tionally, multi-row arrays and compact spacing are better at decreasing transmission, which

is typically used to indicate coastal protection capability (Boodoo et al., 2025).

Strategies for broadband absorption contribute to the understanding of how to design arrays

for high efficiency in dynamic ocean conditions while also serving to help protect vulnerable

coastlines by reducing transmitted wave energy. Significantly, and perhaps counter-intuitively

to much of the wave energy literature, the strategies demonstrate that destructive interactions

generated in local bandgaps can be utilised to the overall benefit of the array by manipulat-

ing the underlying band structures through the resonant properties of WECs. There is a

substantial advantage to grading arrays when the conditions on the spacing and incident am-

plitude can be adhered to, which perform efficiently without requiring dynamic control based

on short-term forecasts across changing wave conditions.

Experimental and CFD validation of rainbow effects by non-absorbing arrays of graded res-

onators (Cao, Chen, Ning, Peng, Xu and Lin, 2025; Hu et al., 2025) suggest that the concepts

are robust to non-linear effects. The rainbow absorption generated by an array of heav-

ing buoys was shown to be robust to drag, which is one of the most relevant sources of

non-linearity for heaving buoys in operational conditions (Giorgi and Ringwood, 2017). The

reduction of WEC amplitudes by drag reduces power capture, similarly to motion constraints

in the literature. However, the absorption of graded arrays remains broadband and insensitive

to the wave direction, in contrast with much of the literature. Therefore, strategies to grade

arrays of heaving buoys may have wider applicability, prompting further research to address

limitations, experimentally validate solutions, and examine the factors that are most likely to

impact efficiency.

6.3 Limitations and future work

The model assumed an idealised fluid, governed by linear potential-flow theory, to facilitate

a theoretical understanding of the various facets underlying a successful grading of a WEC-

array. However, non-linear effects became relevant with large, amplified WEC motions at

resonance. The simplified drag correction that was incorporated to approximate these effects,

is associated with much uncertainty, and requires a more complex hydrodynamic model to
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ascertain whether substantial broadening of resonance bandwidths as the incident amplitude

increases is physical. Notably, Morison’s equation assumes that hydrodynamically transparent

structures (2L/λ < 0.2) produce negligible scattering (Clauss et al., 1992). This assumption

is violated by resonant WECs (with 2L/λ≪ 0.2 in this study) which can significantly perturb

the wavefield, as is more typical of large offshore structures (2L/λ > 0.2) where drag is usually

considered to be negligible (Sarpkaya, 2010). Although Morison’s drag correction is often

incorporated in models based on linear radiation-diffraction theory (e.g., see Molin, 2023),

the applicability to WECs (i.e., in a regime where both scattering and drag are important) is

still largely under-explored. Further, restrictions on realistic PTO forces may be required to

prevent PTO damping values which artificially inflate power capture when drag is included

in the model. Once these limitations are addressed, the benefit to grading could be assessed

by comparing optimised arrays (layouts and PTO) to optimally graded arrays.

Heaving buoys were modelled as truncated cylinders to facilitate the use of efficient, semi-

analytical methods. However, realistic geometries are likely to utilise hemispherical bases for

the buoys to minimise drag. Lower drag improves power capture, as localised amplifications

in graded arrays are less degraded. While the number of rows and spacing can be adjusted

for different resonant properties (from a different geometry) to generate an effective grading,

breaching could potentially become a greater issue. Consequently, physical constraints on

WEC motions are critical to investigating the performance of arrays at higher incident ampli-

tudes, within the operational range of WECs. Similarly, mooring forces can influence power

capture and should be incorporated in future models (Wolgamot and Fitzgerald, 2015). WEC

concepts or geometries which increase the radiation damping so that the WEC radiates more

efficiently with lower amplitudes (Mei et al., 2005) could also be investigated (e.g., Edwards

et al., 2025; Edwards and Yue, 2022).

Although passive gradings were generated, the arrays retain the ability to be retuned, which

opens up the possibility of combining strategies for grading with dynamic control. The un-

derlying principles could inform geometric grading in control co-design (e.g., Ermakov et al.,

2025), or be applied to smaller arrays with fewer rows, to target a narrower frequency band,

while using dynamic retuning to adjust for altered wave conditions. Dynamic control would

further facilitate different modes of operation. For example, the grading could be chosen

to target frequencies appropriate for power capture in one mode, and be adjusted to target

frequencies damaging to coastlines in a second mode, depending on the sea state.

6.3.1 Applications to coastal protection

The PTO parameters which create broadband absorption in arrays of heaving buoys, do

so by minimising reflection and transmission over targeted frequencies. Consequently, the
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rainbow absorbing array simultaneously addresses the goal of coastal protection. The ability

to deliver both functions in a single mode of operation, depending on the targeted frequencies,

departs from recent literature (e.g., Cui et al., 2024) where compromises between the two

functions are suggested depending on the sea state, as maximising power does not align with

coastal protection (Battisti et al., 2024). Importantly, the graded arrays address several issues

highlighted by Cohen (2025) in an experimental investigation of coastal protection by WEC

arrays. Namely, power capture is associated with appropriate transmission behaviour for

coastal protection in graded arrays, avoiding the requirement for separate modes of operation

which could instigate sediment transport, and high power capture is maintained across the

frequency range, despite several rows in the array (Cohen, 2025). Further, the spacing could

be selected to extend the frequency range for coastal protection using Bragg resonance.

The premise for coastal protection assumes low transmission is sufficient to predict shoreline

response. However, sediment accretion requires a threshold reduction in wave height to be

reached, failing which, offshore migration of sediment can occur as a result of nearshore

currents generated by the array (Cohen, 2025). Changing circulation patterns induced by

arrays will have nearshore implications (Cao, Shi, Zheng, Zhang and Pan, 2025; Cui et al.,

2026) which are altered by the sea state, and should be analysed to understand the impact

WEC arrays will have on coastal processes (Cohen, 2025). Consequently, future work should

seek to model and explore the impact of arrays on coastal processes to understand the coastal

protection capabilities of rainbow absorbing arrays.

6.3.2 Concluding remarks

After 50 years of research, WECs are entering a pre-commercial stage of technological readi-

ness, as demonstrations of full-scale prototypes in operational conditions transition to pilot

arrays (Arrosyid et al., 2025; IRENA and OEE, 2023; Ocean Energy Europe, 2025). Arrays

capable of efficiently harnessing ocean wave energy at a commercial scale would help diversify

the renewable energy mix and meet growing energy demands in conjunction with emissions

targets. Strategies to grade arrays for rainbow absorption based on linear theory, deliver effi-

cient broadband absorption that is robust to wave direction, without optimisation or dynamic

control. The array properties lend themselves to the prospect of providing coastal protection

to vulnerable coastlines which would enhance economic viability, with the potential for ex-

panded functionality through dynamic control. These promising results argue for pursuing

strategies to grade arrays in further investigations, with increased model complexity.



Appendix A
2D model: Single cell problem and

convergence results

A.1 Scattering matrix for the single cell problem

The wavefield in cell n (subscript omitted for ease of notation) is obtained by solving separate

diffraction (d) and radiation (r) sub-problems, which are combined to return the full wavefield

ϕ = ϕd + ξhϕr. The unknown coefficients in the diffraction problem are determined by

truncating the eigenfunction expansions at M modes and applying kinematic and dynamic

boundary conditions at the interfaces between regions, namely

ϕdi = ϕdi+1 and
∂ϕdi
∂x

=
∂ϕdi+1

∂x
at x = ±L for i = 1, 2. (A.1)

Multiplying by an appropriate test function and integrating over depth produces a system of

equations for the unknown diffraction coefficients in terms of prescribed incident waves
a−

d

b+d

α+
d

α−
d


=


Rd T d

T d Rd

Gd Hd

Hd Gd


a+

b−

 . (A.2)

The vectors α±
d contain the coefficients corresponding to the potential underneath the WEC

(Region 2),

ϕd2 = αd−
0 + αd+

0 x+
∞∑

m=1

(
αd+
m eiκm(x+L) + αd−

m e−iκm(x−L)
) cosh(κm(z + h))

cosh(κm(h− L))
, (A.3)

where κm = imπ/(h−d) are purely imaginary wavenumbers. Assuming unit heave amplitude

(ξh = 1), the radiation potentials in Regions 1 and 3,

ϕr1 =

∞∑
m=0

(ar−m e−ikm(x+L))
cosh(km(z + h))

cosh(kmh)
(A.4)

ϕr3 =
∞∑

m=0

(br+m eikn(x−L))
cosh(km(z + h))

cosh(kmh)
, (A.5)
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are obtained analogously to the diffraction potential. Underneath the WEC, ϕr2 is composed of

a homogeneous and particular solution which satisfies the boundary condition ∂zϕ = ξhω2/g,

ϕr2 = αr−
0 + αr+

0 x+
∞∑

m=1

(
αr+
m eiκm(x+L) + αr−

m e−iκm(x−L)
)
ζm +

ω2

2g(h− L)

[
(z + h)2 − x2

]
.

(A.6)

To determine the unknown heave amplitude (Equation (3.10)), the hydrodynamic forcing is

found by integrating the pressure over the wetted surface of the body SB, with respect to the

outward pointing unit normal to the surface of the body,

ρg

∫
SB

ϕndS = ρg

∫
SB

ϕdndS︸ ︷︷ ︸
excitation force

+ ρg

∫
SB

ξhϕrndS︸ ︷︷ ︸
radiation component

. (A.7)

The radiation component resulting from forced oscillations of the body is separated into real

and imaginary parts in phase with the acceleration and velocity of the body, respectively, to

give the added mass and radiation damping (Linton and McIver, 2001; Mei et al., 2005)

[
ω2a(ω) + iωb(ω)

]
ξh = ρg

(∫
SB

ξhϕrndS

)
. (A.8)

The excitation force F produces a vertical force at the underside of the WEC which de-

pends on the coefficients of the incident waves, and therefore, interactions within the array.

This dependence is incorporated in the initial scattering matrix of a WEC by expressing the

excitation force in the radiation problem in terms of the incident amplitudes,∫
SB

ϕdndS = V +α+
d + V −α−

d (A.9)

=
[
V +Gd + V −Hd

]
a+ +

[
V +Hd + V −Gd

]
b−, (A.10)

where V ± are vectors with M + 1 elements. From Equation (3.10), the heave amplitude is

ξh(ω) =
[
−ω2 (M+ a(ω))− iω(b(ω) + bPTO) + (c+ cPTO)

]−1
F (ω) (A.11)

= V̂ +a+ + V̂ −b−. (A.12)

The scattering matrix S in (3.18) for the heaving buoy is

S = Sd + Sr =

Rd + a−
rV̂

+ T d + a−
rV̂

−

T d + b+rV̂
+ Rd + b+rV̂

−

 , (A.13)

with the corresponding coefficients in Equation (3.16) given by a−m = ad−m + ξhar−m and b+m =
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Figure A.1: The absorption of the graded array of five WECs in Table 3.2 is shown for combinations
of the truncation M in the single body problem, and the number of evanescent modes N included
in WEC interactions. While sufficient evanescent modes are included in the single body problem for
convergence of the final solution, the wide-spacing approximation (N = 0) incurs a small error in the

average absorption of 0.0001.

bd+m + ξhbr+m . The multiple scattering routine resolves the coupling between WECs, and the

forces on a particular WEC can be recovered from Equation (A.10).

A.2 Convergence results

The truncation of M = 25 was determined based on the convergence of the WEC amplitudes

and scattering coefficients in the single cell problem. Higher truncation values produce indis-

tinguishable solutions (converged to four decimal places), as illustrated in Figure A.1 where

the absorption for the array of five WECs in Table 3.2 with M = 25 evanescent modes is

compared to the absorption when M = 100 evanescent modes are included. Here, N refers

to the number of evanescent modes included in WEC interactions, with N = 0 indicating the

wide-spacing approximation is applied to the array. The solution obtained when including

evanescent modes (N > 0) in WEC interactions is overlaid to further justify the use of the

wide-spacing approximation. The average absorption of the array increases from α̂ = 0.9900

to α̂ = 0.9901 with the inclusion of evanescent modes. Only N = 3 evanescent modes are

required for convergence (solution is unchanged for larger truncation values, e.g., N = 10

with M = 100 in Figure A.1). The error incurred was deemed to be acceptably small so as to

motivate the reduced computational effort associated with the wide-spacing approximation.



Appendix B
3D model: Solution methods and the

influence of spacing

B.1 Single cell problem: Truncated cylinder

The diffraction and radiation problems are individually solved using separation of variables,

subject to the respective boundary conditions (Equation (4.13)) on the wetted surface of the

WEC, and are combined to return the full wavefield

φ(r, θ, z) = φinc(r, θ, z) + φdiff(r, θ, z) + ζφrad(r, θ, z). (B.1)

The fluid domain is divided into an interior (r ≤ L) and exterior region (r ≥ L) about the

interface r = L, at the sides of the WEC (cylinder’s radius). In the exterior region (E),

φE =
∞∑
n=0

Zn(z)
∞∑

µ=−∞

[
AnµIµ(κnr) + D̂diff

nµ

Kµ(κnr)

Kµ(κnL)

]
eiµθ + ζ

∞∑
n=0

Zn(z)D̂
rad
n0

K0(κnr)

K0(κnL)
, (B.2)

where Iµ and Kµ are modified Bessel functions of the first and second kind, respectively, and

of order µ, and κn are defined as κn = −ikn, n ∈ Z ≥ 0. The known amplitudes associated

with the ambient incident wave are denoted Anµ. The unknown diffraction D̂diff
nµ and radiation

D̂rad
n0 coefficients are normalised against the cylinder’s sides. There is no angular dependence

(µ = 0) in the radiation problem, as heave radiation is symmetric. In the interior region (I),

φI =
∞∑
n=0

Zn(z)
∞∑

µ=−∞
ddiffnµ

Iµ(κnr)

Iµ(κnL)
eiµθ + ζ

[ ∞∑
n=0

Zn(z) d
rad
n0

I0(κnr)

I0(κnL)
+
ω2
[
(z + h)2 − r2/2

]
2g(h− L)

]
,

(B.3)

where ddiffnµ and dradn0 are the unknown coefficients in the diffraction and radiation problems,

respectively. The last term is the particular solution in the radiation problem, which satisfies

the boundary condition (Equation 4.13b) on the WEC. The vertical eigenfunctions are given

by

Zn(z) =
cosh(iκn(z + h))

cosh(iκn(h− L))
for κn =

nπ

h− L
. (B.4)

Truncating the infinite summations at n = N − 1 and µ = ±U modes (sufficient for con-

vergence), a diffraction transfer matrix B is defined such that (Ddiff + ζDrad) = BA

for a given incident wave with amplitudes contained in the vector A, where the elements
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of
[
Ddiff + ζDrad

]
nµ

=
(
D̂diff

nµ + ζD̂rad
nµ

)
/Kµ(κnL) are generated from the as yet unknown

diffraction and radiation coefficients of the scattered potential,

φscat =
N−1∑
n=0

Zn(z)
U∑

µ=−U

[
D̂diff

nµ + ζD̂rad
nµ

]Kµ(κnr)

Kµ(κnL)
eiµθ, where D̂rad

nµ = 0 ∀ µ ̸= 0. (B.5)

The eigenfunction expansion matching method is used to determine the unknown coefficients

by enforcing continuity of pressure and horizontal velocity at the interface r = L between the

interior φI and exterior φE regions (Linton and McIver, 2001),

φE = φI on z ∈ (−h,−L) (B.6)

∂φE

∂r
=


∂φI

∂r
for z ∈ (−h,−L),

0 for z ∈ (−L, 0).
(B.7)

Systems of equations for the unknown coefficients are obtained by multiplying equations (B.6)

and (B.7) by the test function Zm and integrating over z ∈ (−h,−L) and z ∈ (−h, 0) respec-
tively. In the diffraction problem, the resulting system of equations is given by

N−1∑
n=0

U∑
µ=−U

[
Amnd

diff
nµ eiµθ − BmnD̂

diff
nµ eiµθ

]
=

N−1∑
n=0

U∑
µ=−U

BmnAnµIµ(κnL)e
iµθ

N−1∑
n=0

U∑
µ=−U

[
Bmnκnd

diff
nµ

I ′µ(κnL)

Iµ(κnL)
−FmnknD̂

diff
nµ

K ′
µ(κnL)

Kµ(κnL)

]
=

N−1∑
n=0

U∑
µ=−U

FmnknAnµI
′
µ(κnL),

(B.8)

where the (m,n)th element of the M ×N matrices A,B and F are, respectively,

Amn =

∫ −d

−h
ZmZndz, Bmn =

∫ −d

−h
ZmZndz, and Fmn =

∫ 0

−h
ZmZndz. (B.9)

The diffraction transfer matrices relating the incident and scattered waves in the interior

(Bint) and exterior (Bdiff) regions, are retrieved from [ddiff Ddiff ]T = [Bint Bdiff ]T [A A]T .

For each Fourier mode µ, the (m,n)th term for m,n = 1, 2, . . . N is defined by

Bdiff
µ = (Bmn) =

(
K ′

µ(κnL)

Kµ(κnL)
Fmn

)−1(κn

kn

I ′µ(κnL)

Iµ(κnL)
Bmn

[
M−1

1 M2

]
− I ′µ(κnL)Fmn

)
, (B.10)

and Bint
µ = (Bmn) =

[
M−1

1 M2

]
, where

M1 = Amn − Bmn

(
K ′

µ(κnL)

Kµ(κnL)
Fmn

)−1

Bmn
κn

kn

I ′µ(κnL)

Iµ(κnL)
(B.11)

M2 = BmnIµ(κnL)− Bmn

(
K ′

µ(κnL)

Kµ(κnL)
Fmn

)−1

FmnI
′
µ(κnL). (B.12)
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The system of equations for the radiation problem is given by

N−1∑
n=0

Amnd
rad
n0 −

N−1∑
n=0

BmnD̂
rad
n0 = F1

N−1∑
n=0

Bmnκnd
rad
n0

I ′0(κnL)

I0(κnL)
−

N−1∑
n=0

FmnknD̂
rad
n0

K ′
0(κnL)

K0(κnL)
= F2, (B.13)

where F1 and F2 are associated with the particular solution, and are calculated as

F1 = −
N−1∑
m=0

∫ −L

−h

ω2

2g(h− L)

[
(z + h)2 − L2

2

]
cosh(iκm(z + h))

cosh(iκm(h− L))
dz (B.14)

F2 =

N−1∑
m=0

∫ 0

−h
Zm(z)

ω2L

2g(h− L)
dz, (B.15)

assuming unit heave amplitude ζ = 1. The heave amplitude of the WEC is calculated from

Equation (4.14), given the hydrodynamic forcing on the body∫∫
SB

φndS =

∫ L

0

∫ 2π

0
φdiffrdθdr +

∫ L

0

∫ 2π

0
ζφradrdθdr at z = −L. (B.16)

The radiation forcing F rad =
∫ L
0

∫ 2π
0 φradr dθ dr is evaluated at z = −L

∫ L

0

∫ 2π

0
φradrdθdr =

∫ L

0

∫ 2π

0

[∑
n

(
dradn0

I0(κnr)

I0(κnL)

)
r +

ω2

g

(
r(h− L)2

2(h− L)
− r3

4(h− L)

)]
dθdr

= 2π
∑
n

dradn0

L

κn

I1(κnL)

I0(κnL)
+ 2π

ω2

g

[
L2(h− L)2

4(h− L)
− L4

16(h− L)

]
. (B.17)

The components of F rad in phase with the acceleration and velocity of the body, respectively,

correspond to the added mass a(ω) and radiation damping b(ω), and are given by

a(ω) = ρgRe(F rad)/ω2 and b(ω) = ρgIm(F rad)/ω. (B.18)

The excitation forcing F exc results from the hydrodynamic pressure on the underside of a

WEC (z = −L) for a given incident wave in the diffraction problem, where ddiff = Bint
µ=0A,

F exc = ρg

∫ L

0

∫ 2π

0
φdiff r dθ dr = 2πρg

∑
n

ddiffn0

I1(κnL)

I0(κnL)

L

κn

= V ddiff =
[
V Bint

0

]
A

= feA. (B.19)

In an array, F exc is determined by replacing A with the vector of amplitudes C corresponding
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to the incident field which accounts for interactions within the array. The heave amplitude is

expressed as a 1×N vector,

ζ =
[
−ω2(M+ a(ω))− iω

(
b(ω) +Bj

PTO

)
+
(
C+ Cj

PTO

)]−1
fe. (B.20)

A N ×N matrix Brad, defined for the µ = 0 Fourier mode, is obtained using the N ×1 vector

of radiation coefficients in the exterior region

dradζ = drad ζA = BradA. (B.21)

The diffraction transfer matrix B = Bdiff +Brad, where (Brad
µmn) = 0 ∀ µ ̸= 0, encapsulates

the scattering properties of the WEC, forming a N × (2U + 1)-square matrix

B =



Bµ
00 Bµ

01 . . . Bµ
0(N−1)

Bµ
10 Bµ

11 . . . Bµ
1(N−1)

...
...

. . .
...

Bµ
(N−1)0 Bµ

(N−1)1 . . . Bµ
(N−1)(N−1)


. (B.22)

The elements of the diagonal matrix Bµ
mn are given in Equation (B.10) when µ ̸= 0, with the

elements in Equation (B.21) added when µ = 0, such that, for m,n = 0, 1, . . . , N − 1,

Bµ
mn =



B−U
mn 0 . . . 0

0 B−U+1
mn . . . 0

...
...

. . .
...

0 0 . . . BU
mn


. (B.23)

B.2 Plane-wave expansion

The velocity potential around a stack is obtained by summing the scattered wavefields of all

WECs in the stack in terms of their local coordinate systems

ϕ(x, y, z) = φinc(r, θ, z) +
∞∑
n=0

Zn(z)
∞∑

j=−∞
Qj

∞∑
µ=−∞

DnµKµ(κnrj)e
iµθj . (B.24)

Following Peter et al. (2006), the modified Bessel functions are replaced with an integral

representation to express the scattered field as a plane-wave expansion (PWE),

φscat(r, θ, z) =

∞∑
n=0

Zn(z)

∞∑
m=−∞

D±
mne

iknr cos(θ∓χmn) for ± y > L, (B.25)
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where

D±
mn =

iπ

knWx

1

sin(χmn)

∞∑
µ=−∞

Dnµe
±iµχmn (B.26)

are the scattered amplitudes of the wave modes that propagate or decay in the ± y–direction.

Truncating the infinite summations at n = N0 and |µ| = U , the scattered amplitudes are

obtained from

D = [I −Bσ]−1BA, (B.27)

where σ is a N × (2U + 1) diagonal matrix σ = diag
[
σ̂0 σ̂1 . . . σ̂(N0−1)

]
. The sub-matrices

σ̂n have elements σnµ−τ , as defined in Equation (4.26), such that

µ = −U, . . . , U −→

σ̂n =


σn−U−(−U) σn−U+1−(−U) · · · σnU−(−U)

σn−U−(−U+1) σn−U+1−(−U+1) · · · σnU−(−U+1)

...
. . .

...

σn−U−(U) σn−U+1−(U) · · · σnU−(U)


yτ = −U, . . . , U. (B.28)

The infinite summations in the PWE (Equation (B.25)) are truncated to N1 ≤ N0 vertical

modes, and M = p + q + 1 scattering angles (includes complex scattering angles). The

(M × N1)-square reflection and transmission matrices, R and T respectively, are generated

by treating the ith scattering angle (i ∈ [−p, q]) and the jth (j ∈ [0, N1]) vertical mode as

incident, and calculating the (mn)th scattered mode (m = −p, . . . , q; n = 0, . . . , N1) as

Rij
mn =

iπ

knWx

1

sin(χmn)

U∑
µ=−U

Dij
nµe

−iµχmn (B.29)

T ij
mn = δjn +

iπ

knWx

1

sin(χmn)

U∑
µ=−U

Dij
nµe

iµχmn , (B.30)

where δjn = 1 for n = j, and zero otherwise. The Dij
nµ are obtained by setting [A]nµ = Aij

nµ

to

Aij
nµ =

(−1)µe−iµχi n = j,

0 n ̸= j

for n, j = 0, 1, . . . , N1. The entries of the reflection matrix (analogous for T ) are

R =


R−p0

−p0 R−p1
−p0 . . . R−pN1

−p0 . . . RqN1
−p0

R−p0
−pN1

R−p1
−pN1

. . . R−pN1

−pN1
. . . RqN1

−pN1

...
...

. . .
...

. . .
...

R−p0
qN1

R−p1
qN1

. . . R−pN1

qN1
. . . RqN1

qN1


. (B.31)
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(a)

(b)

Figure B.1: Phase portraits of the (a) reflection and (b) transmission coefficients of a graded array
of eight stacks with Wx = Wy = 50m are shown as a function of complex frequency. Complex
resonances from the second passband are interspersed between stack resonances on the target interval.

The pole–zero pairs for stacks 7 and 8 lie below the axes limits.

B.3 Maximum Wx and Wy for high efficiency

Figure B.1 shows the phase portraits of the reflection and transmission coefficients as a func-

tion of complex frequency for an array with eight stacks when Wx = Wy = 50m. High

absorption is maintained from ω = 0.3 to ω = 0.6 rad s−1, but decreases for ω ≥ 0.6 rad s−1 as

resonances associated with the second passband encroach on the target interval, as a result of

the chosen spacing. At Wy = 50m, the Bragg bandgap is located close to the target interval,

causing interactions at the upper bound (shifts the second passband down).

Additionally, Wx = 50m weakens the reflection properties of stacks, so that they are unable

to shift the resonances associated with the second passband above the target interval, which

become interspersed between the pole–zero pairs associated with stack resonances, and cause

reflection (transmission) to rise. The number of stacks that can be tuned to the interval

becomes restricted as a result, and pole–zero pairs associated with the stack resonances are

pushed below the lower bound of the target interval in the complex plane.



Appendix C
3D model: Impacts of a drag correction

C.1 Infinite array: Drag coefficient

The alterations to the transmission and reflection of the graded array described in § 5.3.1 when

Cd = 2, occur at a much slower rate as Ainc increases when Cd = 0.6, as shown in Figure C.1.

Lower transmission and higher reflection are obtained in the local bandgap for the smaller

drag coefficient. Once again, drag has a smaller impact on the transmission behaviour in the

local bandgap than the reflection, when compared to the zero-drag model.

(a)

(b)

Figure C.1: The (a) transmission |T |2 (blue) and (b) reflection |R|2 (red) for the graded array of six
stacks in Table 5.1 (when Bs

PTO = 0 ∀s) is shown when Cd = 0 (shaded) and when Cd = 0.6 (lines),
for Ainc = 0.01 ( ), 0.1( ) and 1 ( )m.

C.2 Finite array: Spacing, wave direction, and PTO

The appearance of array resonances in the finite uniform array is strongly reliant on the

reflection properties of the rows of WECs, which is influenced by the spacing Wx within

the row. To demonstrate this, the relative capture widths of the uniform array tuned to

ω0 = 0.475 rad s−1, and the graded array, are shown in Figure C.2 as the wave direction

changes from χ = π/2 to π/6 rad. The change in wave direction has the same effect as

rotating the coordinate axes. The finite uniform array behaves like an infinite uniform array

withWx = 40m andWy = 30m at χ = π/3 rad, rather than the infinite array withWx = 30m

and Wy = 40m at χ = π/6 rad. The larger within-row spacing (now Wy = 40m) weakens the

135
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(a) (b)

(c) (d)

Figure C.2: The relative capture widths CWfinite of the graded (black) and uniform array (green)
tuned to ω0 = 0.475 rad s−1 are compared at Ainc = 0.01 in (a) and (c), and Ainc = 0.25 in (b) and (d)
for Cd = 0.6 (Figure 5.12b is equivalent to (b)), when χ = π/2 rad (a) and (b), and when χ = π/6 rad

(c) and (d). The solutions at Ainc = 0.01 resemble the zero-drag model.

reflection capability of rows (Chapter 4), so that array resonances have a noticeable impact

on the CWfinite, which develops a second, lesser peak (array resonances now result from the

Wx spacing, which does not occur when Wx = 30 and Wy = 40m as χ = π/6 extends the

local bandgap to cover the entire target frequency interval above resonance).

In the graded array, χ → 0 causes edge effects to become more pronounced, which amplify

WEC motions, resulting in higher drag, and ultimately a lower CWfinite than at χ = π/2 rad.

The rainbow absorption of the graded array is robust to wave direction, as illustrated in

Figure C.3. Transmission relative to Ainc is comparable to the zero-drag model at Ainc ≤
0.25m, but rises as Ainc increases (entering a regime where breaching occurs), particularly at

low frequencies. Increasing the number of WECs per row improves control of transmission.

The finite graded array with Cd = 2 closely resembles the behaviour of the infinite array. The

trends in behaviour as the incident wave direction decreases are consistent with Cd = 0.6, but

the level of absorption is decreased in the more drag-dominated regime. The benefit derived

through grading an array decreases compared to a uniform tuning, as Cd = 2 substantially

broadens the responses of the uniform arrays, as illustrated in Figure C.4 at Ainc = 0.5m.

The difference between Bstack
PTO and Bbuoy

PTO accounts for over 85% of the corresponding increase

in CWfinite for the uniform arrays at Ainc = 0.5m when Cd = 2 (WEC amplitudes are

slightly reduced at Bstack
PTO ). In this drag-dominated regime, the PTO damping becomes, at

best, commensurate with, and at worst, considerably larger than the power capture, and
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(a) (b)

Figure C.3: The rainbow absorbing behaviour is evident from the surface elevation |η|, which is shown
at (a) ω = 0.35 for χ = π/3, and (b) ω = 0.52 for χ = π/2, when Ainc = 0.25m, which slightly exceed
the resonant frequencies of rows five and three, respectively. Edge effects are visible in the sixth row

when χ = π/3, and along the array edges when χ = π/2.

overwhelmingly governs the level of absorption. Without drag, absorption is governed by a

combination of the WEC amplitudes and PTO damping.

(a) (b) (c)

Figure C.4: The relative capture width CWfinite of the finite graded array (black) is compared to a
uniform array tuned to (a) ω0 = 0.3 rad s−1, (b) ω0 = 0.475 rad s−1, and (c) ω0 = 0.65 rad s−1 over

ω ∈ [0.3, 0.65] rad s−1, when Cd = 2 and Ainc = 0.5m.

Given the uncertainty associated with the drag correction and an appropriate drag coefficient

for WECs, the model validity is arguably questionable at these values. Further, Bstack
PTO depends

on Wx and will increase as Wx → 0m, which could potentially inflate power capture. In a

similar vein, Eatock Taylor et al. (2016) suspected that power estimates in regular waves were

artificially compensated by large drag coefficients, which altered the PTO damping.
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Blanco, M., Villalba, I., Lafoz, M., Nájera, J., Navarro, G. and Santos-Herrán, M. (2025).

Power optimization modelling as a computational tool for power take off design in wave

energy converters, Appl. Ocean Res. 160: 104628.

Boodoo, A., Wakeyama, T. and Cross, J. S. (2025). Wave farms for coastal protection:

A systematic review of effectiveness, methodologies, and future directions, Ocean Coast.

Manag. 269: 107807.

Budal, K. (1977). Theory for absorption of wave power by a system of interacting bodies, J.

Ship. Res. 21(04): 248–254.

Calvo, L., De Padova, D., Onorato, M., Pezzutto, P. and Mossa, M. (2025). SPH modelling of

wave attenuation by an array of submerged resonators and vorticity generation mechanism,

Environ. Fluid Mech. 25: 21.

Cao, H., Chen, L., Ning, D., Peng, C., Xu, J. and Lin, H. (2025). Broadband energy at-

tenuation of long-period water waves by a graded array of C-shaped cylinders, The 40th

International Workshop on Water Waves and Floating Bodies, Shanghai, China.

Cao, X., Shi, J., Zheng, J., Zhang, C. and Pan, J. (2025). Offshore wave energy converter

array poses threat to coasts causing significant rip currents, Phys. Fluids 37(8): 086627.



REFERENCES 140

Carballo, R. and Iglesias, G. (2013). Wave farm impact based on realistic wave-WEC inter-

action, Energy 51: 216–229.

Cenedese, M., Belloni, E. and Braghin, F. (2021). Interaction of Bragg scattering bandgaps

and local resonators in mono-coupled periodic structures, J. Appl. Phys. 129(12): 124501.

Chakrabarti, S. K. (ed.) (2005). Handbook of Offshore Engineering, Vol. 1, Elsevier.

Chaplain, G. J., Pajer, D., Ponti, J. M. D. and Craster, R. V. (2020). Delineating rainbow

reflection and trapping with applications for energy harvesting, New J. Phys. 22(6): 063024.

Child, B. F. M. and Venugopal, V. (2010). Optimal configurations of wave energy device

arrays, Ocean Eng. 37(16): 1402–1417.
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Engström, J., Eriksson, M., Göteman, M., Isberg, J. and Leijon, M. (2013). Performance

of large arrays of point absorbing direct-driven wave energy converters, J. Appl. Phys.

114(20): 204502.



REFERENCES 142

Ermakov, A. M., Ali, Z. A., Mahmoodi, K., Mason, O. and Ringwood, J. V. (2025). Optimi-

sation of heterogeneous wave energy converter arrays: A control co-design strategy, Renew.

Energy 244: 122637.

Evans, D. V. (1976). A theory for wave-power absorption by oscillating bodies, J. Fluid Mech.

77: 1–25.

Evans, D. V. (1981a). Maximum wave-power absorption under motion constraints, Appl.

Ocean Res. 3: 200–203.

Evans, D. V. (1981b). Power from water waves, Annu. Rev. Fluid Mech. 13: 157–187.

Evans, D. V. and Porter, R. (2012). Wave energy extraction by coupled resonant absorbers,

Phil. Trans. R. Soc. A 370(1959): 315–344.

Falnes, J. (1980). Radiation impedance matrix and optimum power absorption for interaction

oscillators in surface waves, Appl. Ocean Res. 2(2): 75–80.

Falnes, J. (1984). Wave-power absorption by an array of attenuators oscillating with uncon-

strained amplitudes, Appl. Ocean Res. 6(1): 16–22.

Falnes, J. (2005). Ocean Waves and Oscillating Systems: Linear Interactions Including Wave-

Energy Extraction, Cambridge University Press.

Falnes, J. (2007). A review of wave-energy extraction, Mar. Struct. 20(4): 185–201.

Falnes, J. and Budal, K. (1982). Wave-power absorption by parallel rows of interacting

oscillating bodies, Appl. Ocean Res. 4(4): 194–207.

Falnes, J. and Hals, J. (2012). Heaving buoys, point absorbers and arrays, Phil. Trans. R.

Soc. A 370(1959): 246–277.

Falnes, J. and Kurniawan, A. (2020). Ocean Waves and Oscillating Systems: Linear Interac-

tions Including Wave-Energy Extraction, Vol. 8 of Cambridge Ocean Technology Series, 2

edn, Cambridge University Press.

Feng, Y., Huang, Z., Zhang, X. and Qiu, T. (2024). Broadband and wide-angle antireflection

in silicon solar cells using atomically thin MoS2 with a gradient unit cell structure, Sol.

Energy 284: 113088.

Folley, M. (ed.) (2016). Numerical Modelling of Wave Energy Converters: State-of-the-art

techniques for single devices and arrays, Academic Press.

Folley, M. and Whittaker, T. (2010). Spectral modelling of wave energy converters, Coast.

Eng. 57(10): 892–897.



REFERENCES 143

Folley, M. and Whittaker, T. J. T. (2009). The effect of sub-optimal control and the spec-

tral wave climate on the performance of wave energy converter arrays, Appl. Ocean Res.

31(4): 260–266.

Foteinis, S. and Tsoutsos, T. (2017). Strategies to improve sustainability and offset the initial

high capital expenditure of wave energy converters (WECs), Renew. Sustain. Energy Rev.

70: 775–785.

Fusco, F. and Ringwood, J. V. (2010). Short-term wave forecasting for real-time control of

wave energy converters, IEEE Trans. Sustain. Energy 1(2): 99–106.

Gallutia, D., Fard, M. T., Soto, M. G. and He, J. (2022). Recent advances in wave en-

ergy conversion systems: From wave theory to devices and control strategies, Ocean Eng.

252: 111105.

Garcia-Rosa, P. B., Bacelli, G. and Ringwood, J. V. (2015). Control-informed optimal array

layout for wave farms, IEEE Trans. Sustain. Energy 6(2): 575–582.

Garcia-Rosa, P. B., Torres-Olguin, R. E., Cruz, J. and D’Arco, S. (2022). A wave-to-wire

model for grid integration studies of oscillating-body wave energy converters, 2022 IEEE

31st International Symposium on Industrial Electronics (ISIE), pp. 84–91.

Garnaud, X. and Mei, C. C. (2009). Wave-power extraction by a compact array of buoys, J.

Fluid Mech. 635: 389–413.

Garnaud, X. and Mei, C. C. (2010). Bragg scattering and wave-power extraction by an array

of small buoys, Proc. R. Soc. A 466(2113): 79–106.

George, A. and Cho, I. H. (2024). Assessment of viscous damping of a solid heave disk for

motion reduction of a floating circular cylinder, Appl. Ocean Res. 142: 103854.
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